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alunos = {maria, ana, pedro}
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aluno = {ruim, médio, bom, excelente}
: KZ!" E

�I8VY 2 YZ$*8Vx�$ZYZ+�TW8F+�& 0 $�T{x 2 & 2 YZ$98]'9) 2 p*O?$ 2 � /�) 2 71Y 2 YZ+ �*8?)�x�+3& � $9& � Y 2 YZ+\+ � pZ|}+3& � $9& � Y 2 YZ+�!%«(T 2 7=)Up�$
+ ¿�0 +37"+3p*O?+t8?+3& �12 $B'*)�+-T 2 � 8\8?+ 2 xU&?$ ¿ � T 2 Y 2 YZ+���p � r�sz$�YZ+ 2 7")�p�$ � YZ+ 2 7�x 2 & 2 $�x�&S$z|}+�8S8?$�&y!]oR8FO?$ � T{x�7 �"0�2

u



� � ���`� ��� � ���R� � � 	�	
	 	���� � � � ����	 � ���
'*)�+�&S+3x�&S+�8?+3p*O 2 & 0 $ � 8 2 8 � pUYZ+��Up � Y 2 8t+�8FOS� � p9O � T 2 T5+�p*O?+�7 � / 2 YZ$ 2 + ¿ xU&?+y8?8 2 &HY � 8ROD½zp 0 �"2 8-YZ+�)UT¹x 2 YZ&Dsz$
� YZ+ 2 7l!
[]$�pz�R)�p*O?$98tp�+36U)�7=$*8F$*8Hx�$�Y�+3T­&?+�x�&S+�8?+3p*O 2 &tY 2 Y�$98 0 )�� 2 YZ+��Up � r3s�$ YZ+ � p 0 7=)U8Ssz$ 8F+ 0 $�T{x�$�&?O 2Á0 $�T{$

)�T 25»�2 & � � » +37 YZ+�8FO?+JO � x�$U!
� e�"X� 
�����b*� ��m�°l� � &S+3xU&?+y8F+�p9O 2 Y 2 YZ$*8 0 )z�R$98 � p*O?+3& »�2 7"$98�+�p9OS&?+H$*8 »�2 7"$�&S+�8�p 2 +�8 032 7 2 x�$ZYZ+�T�8?+3&�YZ+����

p � YZ$98 0 $�T¾+ ¿�2 O � YUsz$U! 4 $�+3p*O 2 p*O?$ �UpUsz${¡U�{)�T�x�$�p*O?$�@�+3&S$ 0 7 2 & 2 T{+3p*O?+HYZ+��Up � YZ$U!V«(TW+ ¿ +3T{x�7"$�6U��8 �"0 $
¤-$ 0�2 7"+3pUY���& � $�$�p�YZ+H$ 2 pU$BKz���9�5+�8FOS�; ��9��� 2 pU$98(YZ+�x�$ � 8�YZ$ 2 p�$¨ ��9����! 4 $�+�p*O 2 p*OS$ � 0 $�T{$�pUsz${OS+3T{$98
2 YZ+��Up � r3sz$B+ ¿�2 O 2 YZ$ � p�� 0 � $BY�$98�OS+3T{x�$*8���pUsz$³8F+Hx�$ZYZ+ 2 ��&?T 2 &�'9)U+H$ 2 p�$BK����9��+y8ROD��YZ) 2 8 » +�@3+y8wT 2 � 8
Y � 8RO 2 p*O?+(Y�+�8FO?+ � p � 0 � $U! � 2 YZ$98�Y�+�8FO?+�O � x�$-x�$ZYZ+�Tª8?+3& 0 $�T{x 2 & 2 YZ$98%'*) 2 p9OS$ 2 � /9) 2 71Y 2 YZ+���8?)�x�+3& � $9& � Y 2 YZ+�+
x�$�Y�+3T¾8?+3&w8?)�6ZOS& 2 �"YZ$*8V)�T¾YZ$*8V$�)ZOS&?$*83!X[]$�pz�R)�p*O?$98Vp�+�6�)�7"$98?$98Vx�$�Y�+3T¾8?+3&�x�&S$z�R+3O 2 YZ$98Vx 2 & 2 � p 0 $�&Sx�$9& 2 &
+�8FO?+IO � x�$�YZ+ � pZ|}$�&ST 2 r3s�$5Y�+�8SYZ+H'9)U+H$5xU&?$��R+�O � 8FO 252 8S8 � T¢$�YZ+�8?+R�R+9!
� e�"X� ! ����"X�U��k9ef����m�°�� � 2 YZ$98 Y�+�8FO?+VO � x�$H8Ssz$Ix 2 &S+ 0 � Y�$98 0 $�T $98%YZ$IO � x�$ � p*O?+3& »�2 7"$ � 0 $�T 2 Y � |}+3&S+3pUr 2

8?+3pUYZ$ 2 +y8 0�2 7 2 �9'*)�+�p�+�8FO?+ 032 8F$-O?+3TÀ)UTª@�+3&S$ 2 6�8F$97=)ZOS$U!�#%$�&V+ ¿ +3T{x�7"$ �*¤ 0 $�&S&?+3O?$ 2 �U&?T 2 &]'*)�+IK��-/9& 2 )U8
�J+37 » � p�8Ssz$JYZ) 2 8 » +�@3+�8%T 2 � 8�'*)�+�p*O?+�8 '*)�+H y�I/�& 2 )U8	�J+�7 » � p±! � T{+�8?T{$Ip�sz$H8F+wx�$ZYZ+ 2 �U&?T 2 &�+�T &S+37 2 r�sz$2 OS+3T{x�+3& 2 O?)U& 2 8tT{+�Y � Y 2 85+3T /�& 2 )�85[]¤3718 � )U8�! 4 $ »�2 T{+�p9OS+�� 0 $�p��R)�p*OS$98�p�+36�)U7=$*8F$*8tx�$ZYZ+3T~8?+3&5)U8 2 YZ$*8
x 2 & 2 &?+�x�&S+�8?+3p*O 2 &V+y8ROS+IO � x�$�YZ+-Y 2 YZ$*83!
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+ ¿ � 8R�

O?+�p*O?+�8\+3TÂ)�T�)�p �"» +�&S8?$�YZ+�Y � 8 0 )�&D8?$
X
:
A ⊂ X

E !\[ 2 Y 2 +37"+3T{+3p*OS$
x
YZ$B)�p �"» +3&D8?$�x�$ZYZ+-x�+3&?O?+�p 0 +�& 2 $

0 $9p��R)�p*O?$
A
:
x ∈ A

E $�)cpUsz$ :
x /∈ A

E !
«(T 0 $�p��R)�p*OS$ 0 71��8S8 �10 $Hx�$ZYZ+\8?+3&VYZ+�8 0 & � OS$tYZ+\Y �=» +3&D8 2 8 T 2 p�+ � & 2 8�!�#%$ZYZ+3T{$*8�+3T{x�&S+3/ 2 &�$*8�Y �12 /9& 2 T 2 8

YZ+#� +�p�p ��'9)U+¨T5$*8ROS& 2 T /�& 2 � 0�2 T{+3p*OS+³$*8{+37"+3T{+3p*O?$*8�'*)�+;x�+�&FOS+3p 0 +3T 2 )�T YZ+�OS+3&ST � p 2 YZ$ 0 $�pz�R)�p*O?$U!
��)ZOS&?$*8±T{$ZYZ$98�8?s�$ ��x�$�&%+ ¿ +3T{x�7"$ ��x�$ZYZ+3T{$98�7 � 8FO 2 &�$*8�+�7=+�T5+�p*O?$98�'*)�+Vx�+�&FOS+3p 0 +3T 2 $ 0 $�pz�R)�p*O?$ �zY�+�8 0 &S+ » +�&
2 p 2 7 � O �"0�2 T{+3p*O?+w+y8ROS+�8 +�7=+�T{+3p*O?$*8�$�){)U8 2 &X)�T 2 |})�pUr�sz$-'*)�+ 2 $ 2 8S8F)�T � &�$ »�2 7"$�&( � pUY �"0�2 '9)U+($-+37"+3T{+�p9OS$
x�+3&?O?+3p 0 + 2 $ 0 $9p��R)�p*O?$�! # 2 & 2 � pUY �1032 &('9)U+I$�+�7=+�T{+3p*O?${pUs�$5x�+3&?O?+�p 0 +Jx�$ZYZ+��q8F+J)U8 2 &w$ »�2 7"$�&w�U!
#%$�&�+ ¿ +�T5xU7=$NI

frutas iniciando com letra l = {laranja, limão, . . .}

números menores que 20 = {x ∈ < | x < 20}

alto =

{

1 se altura ≥ 1, 80
0 se altura < 1, 80
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A
F 1  �1

^`� 8B1�2  �> �?> �?� 8;O  / " 2D1  1A8 " H � / " 2
X
F�,�241  i"# /i1  B^�� 8B1�2s,  Vb. "9� . ���?� aGM�2C1  8 � H#V �5" M�2

χ → {0, 1}
F

e �� l> .0,  8B. H0.�1�.  V  �>l #� :f2 1  
X

 �>�� 2 ��� 1  ,  #� 1  �� 1�2 "� 2  V  �>d �� :&2 Y 2 � � M�2 �?> >l #> k�/c2 1�2
H�2 � )9�?� :&2�[ \ " :f2 ,R2U1  E"� /g/  ,o/  9"� �� :&.�1�2 ,�2�/��

χA(x)

{

1 se x ∈ A
0 se x /∈ A

: K�! K E
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Altura

1,0

1,80
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µmédia(altura) =















0 se altura ≤ 1, 50
5 · altura − 7, 5 se 1, 50 ≤ altura < 1, 70
−5 · altura + 9, 5 se 1, 70 ≤ altura < 1, 90
0 se altura ≥ 1, 90
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A
YZ+HpQD�T{+3&S$98V&S+ 2 � 8Vx�+3&?O?$�YZ${pQD�T{+3&S$; ���!

A = {(x, µA(x)) | µA(x) =
1

1 + (x − 10)2
}
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∀x1, x2 ∈ X, ∀λ ∈ [0, 1] : µ(λx1 + (1 − λ)x2) ≥ min(µ(x1), µ(x2)}
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µA(x)
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x
x�+3&?O?+3p 0 + 2 $0 $9p��R)�p*O?$

A
!\[ 2 8?$

µA(x)
8F+F� 2 T 2 � $9&\'*)�+

µA(y)
�Ux�$�Y�+3T{$98\+3p*OSs�$ � p*O?+�&?xU&?+3O 2 &('*)�+

x
+�8FOS�{T 2 � 8wx�+3&?O?$
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A
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y
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0

1 1

0
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Sing(x) =

{

1 se x = x̄
0 se x 6= x̄
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x1

 
x2
F

O�.�V]2A/s8 � 8BH�8B.�V  �^�� .�V 1�2 K /c. � 1  8 � H�V �5" M�2P8 KA� .AV . � [ % "9� .P1  _^`� 8(aUM�2 Y

C(x) =







0 x < x1

1 x1 ≤ x ≤ x2

0 x > x2

QZs�$\|})�p�r���+�8 +�T{x�&?+�/ 2 Y 2 8�x 2 & 2 YZ+���p � r�sz$HYZ+ 0 $�p��R)�p*OS$98 0 71��8S8 �"0 $98�+ 2J> � /�)U& 2 KZ!�� � 7")U8FO?& 2 )�T 2 |})�pUr3s�$
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x1 x2

C(x)
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L(x) =







0 x < x1
x−x1

x2−x1

x1 ≤ x ≤ x2

0 x > x2
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V]2A/  9" �g2*,R2 � :&2lq  9" e �� /01�.

x1
F`2*,R2 � :&2l2 � 1  2 K /c. � 1  8 � H#V �5" M�2dO�.�V  �?>

x2
 2*,�2 � :f2 > .�8 " ql1�8;/  8;:f.

x3
[ % "9� .  e � .�aUM�27:  �> . "# fK�� 8 � :  `� 2A/ > .

Tri(x) =















0 x < x1
x−x1

x2−x1
x1 ≤ x ≤ x2

x3−x
x3−x2

x2 ≤ x ≤ x3

0 x > x3
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x
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x1 x3

Tri(x)
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Tra(x) =























0 x < x1
x−x1

x2−x1

x1 ≤ x ≤ x2

1 x2 < x < x3
x4−x
x4−x3

x2 ≤ x ≤ x3

0 x > x3
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"� #� OG.AV]2�/ � 1  8 � H�V �5" M�2 ,

α
/GF "� �� OG.AV]2�/ � 1  8 � H�V �5" M�2 ,

γ
/  2J,R2 � :&2N1  8 � �  35M�2-,

β
/GF e �� dY 2J,�2 � :f2

2 � 1  27O�.�Vb2�/E1�. ���?� aGM�2N1  8 � H�V �5" M�27OG.AV  � [���[ % "�" 8 > . ���?� aGM�2g,�2U1  E"� /s1  _^`� 8B1�.DH�2 > 2 �

S(x; α, β, γ) =























0 x ≤

2 ·
(

x−α
γ−α

)2

α ≤ x ≤ β

1 − 2 ·
(

x−γ
γ−α

)2

β ≤ γ

1 x ≥ γ
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β
/�[
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B(x; γ, β) =
1

1 +
(

x−γ
β

)2
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C(x) =
1

1 − (x − 5)2
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"X������b ��b ����²���� 
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�?> H�2 ��)9�?� :&2 � m :_8B1�2

A
1  _^`� 8B1�2N1�. "� fK�� 8 � :  J> . �! 8;/c. �

SA = {x ∈ X | µA(x) > 0}
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A
¤�$0 $9p��R)�p*O?$

SA = {6.5, 7.0, 7.5, 8.0, 8.5, 9.0, 9.5}
!

`cb9d%��ef���U� _ #l�*¶¦²���� 
y�����y� k9�U����b
α
� � H�2 � )9�?� :&2 ��m :I8B1�271  s V  #>l #� :f2 " e �� ,  /9:  �� H  #> .�27H�2 � )9�?� :&2

�! k � V]2 " 2
A
.�: Y ,  V]2 >d �� 2 " 2 K /c. �

α
Y H0j�. > .�1�2 1  H�2 ��)9�?� :&2PH�2A/9:  

α
[ � H�2 ��)9�?� :&2PH�2A/9:  

α
Y- �� :&M�2

1  _^`� 8B1�2DH�2 > 2 �
Aα = {x ∈ X | µA(x) ≥ α}

: KZ!" � E
A,

α = {x ∈ X | µA(x) > α}
: KZ!" yK E

� 0 $�p��R)Up9OS$
A, ¤ 0 ¡ 2 T 2 YZ${YZ+ 0 $9p��R)�p*O?$ 0 $�&?O?+ α
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α
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A0.5 = {7.0, 7.5, 8.0, 8.5, 9.0}
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A,
0.5 = {7.5, 8.0, 8.5}

A0.75 = {7.5, 8.0, 8.5}

`cb9d%��ef���U� _ #l�Zn ²�mZ����el��m�°lef��m���b � n .A/c. �?> H02 ��)9�?� :f2 �! k � Vb2 " 2 ^`� 8;:f2
A

.DH�.A/c1�8 � .�VW8B1�.�1  
|A|

Y 1  �1
^`� 8B1�.NH02 > 2

| A |=
∑

x∈X

µ(x)

 .PH�.�/c1A8 � .AVW8B1�.�1  /  V].A:_8;O�.N1  
A
Y 1  B^�� 8B1�.NH�2 > 2

‖A‖ =
| A |

| X |

��� b � "�°l� _ # � � £ 0�2 &DY � p 2 7 � Y 2 YZ+JYZ$ 0 $�pz�R)�p*O?$�YZ$�+ ¿ +�T5xU7=$�KZ! �5¤ � /9) 2 7 2
| A |= 0.25 + 0.5 + 0.75 + 1.0 + 0.75 + 0.5 + 0.25 = 4.0

+ 2{032 &SY � p 2 7 � Y 2 Y�+�&S+37 2 O �=»�2 ¤
‖A‖ =

4.0

21
= 0.19
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X
'*)�+�+y8RODsz$5+3T

A
�*x�$�pUYZ+�& 2 YZ$98%x�+37"$98�/�& 2 )U8 YZ+ � p 0 7=)U8Ssz$H+�T

A
!%# 2 & 2J0 $9p��R)�p*O?$*8

A
� p��Up � O?$*8 2H032 &SY � p 2 7 � Y 2 YZ+�¤(YZ+��Up � Y 2

0 $9T{$
A =

∫

x

µA(x)dx

[]7 2 &S$5'*)�+ 2{032 &SY � p 2 7 � Y 2 YZ+�p�sz${+ ¿ � 8ROS+J8?+3T{x�&S+�!
`cb9d%��ef���U� _ #l�����B°f������m ��% .�V�: � /c.P1  i�?> H�2 � )9�?� :&2 �! k � V]2 " 2

A
Y 1  B^�� 8B1�.NH�2 > 2

HA = max
x∈X

{µA(x)}
: KZ!" �P E

 E�?> H�2 � )9�?� :&2 Y 1  B^�� 8B1�2NH�2 > 2 � 2�/ > .�V "# 
HA = 1

 J"9� k 1&� 2A/ > .AV � 2PH�. " 2NH�2 � :I/cpA/98B2�[
`cb9d%��ef���U� _ #l� � `³elh3������k�efm ���  1  . 1�8 " : * � H#8B. e �� d�?> O�.�V]2A/  9" :&pD1�. 1  _^`� 8(aUM�2C8B1  .AV�1�2 H�2 � )9�?� :&2
 -Y 1  B^�� 8B1�.DH�2 > 2

d(A, x) =

{

∞ se µA(x) = 0
1

µA(x) − 1 caso contrário
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x
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£\8-$�x�+3& 2 r���+y8 0 $�T 0 $�p��R)Up9OS$98Jp�+�6�)�7"$98?$98H8Ssz$;YZ+���p � Y 2 8H+�T O?+�&?T{$*8HY 2 8I|})�p�r���+�8HYZ+ � p 0 7=)U8Ssz$�!³  2 Y�+3¡:�������
 � �  y���9u E +�T� y���9u 2 xU&?+y8F+�p9OS$�) )�T x�&S$�x�$98FO 2 YZ+ 0 $�T{$ 2 x�7 �"0�2 &J+�8FO?+y8 0 $9p 0 + � OS$98 2 $*8 0 $9p��R)�p*O?$*8
p�+�6�)�7"$98?$98�!
`cb9d%��ef���U� _ #l� � �³��ef�U� � % ���?� aGM�2 1  8 � H�V �5" M�2

µU (x)
1�. �?� 8BM�2 1�2 " H�2 � )9�?� :&2 "l�! k � V]2 " 2 "

A
 

B,
U = A ∪ B

/ Y 1  B^�� 8B1�.PH�2 > 2
µU (x) = max(µA(x), µB(x)), x ∈ X

: KZ!" 3� E
`cb9d%��ef���U� _ #l���	
�����b*��hyb*k9��������% ���?� aGM�2 1  8 � H�V �5" M�2

µI (x)
1�. 8 � :  / "� H0aGM�2 1�2 " H02 ��)9�?� :f2 "

A
 

B,
I = A ∩ B

/ Y 1  _^`� 8B1�.DH02 > 2
µI (x) = min(µA(x), µB(x)) x ∈ X

: KZ!" yu E
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`cb9d%��ef���U� _ # _ � ²�� � "%°fb�� b����y�Á��� ´¨b�$�m������ ��% ���?� aUM�2P1  8 � H#V �5" M�2

µC(x)
1�2NH�2 > ,!V  #>l #� :f2N1�2

H�2 � )9�?� :&2
A (C = A)

Y 1  _^`� 8B1�.DH02 > 2

µC(x) = 1 − µA(x), x ∈ X
: KZ!" �� E

ºX8FO 2 8 |}.�&STt)U7 2 8X8Ssz$H+�'*) �"»�2 7"+3p*O?+y8 2 8�$�x�+3& 2 r3��+�8 0 7"�98?8 �"0�2 8�'*) 2 pUYZ$-$ 0 $�pz�R)�p*O?$
[0, 1]

¤\&?+yYZ)�@ � YZ$-x 2 & 2
{0, 1}

!Hº ¿ � 8FO?+�T $�)ZOS& 2 8\+ ¿ O?+3p�8F��+�8Ix 2 & 2³2 8I$�x�+3& 2 r3��+�8\Y�+ � p*O?+�&S8?+ 0 r3sz$ :
∩
E ��)�p � sz$ :

∪
E +{p�+3/ 2 r�sz$B'*)�+8?+3&Dsz$ 2 p 2 7 � 8 2 Y 2 8]T 2 � 8 O |}&?+�p*O?+�!

��� b � "�°l� _ #l��� � QZ+R� 2 $ 0 $�p��R)�p*OS$ YZ+¨6�$9pU8 2 7=)�pU$98
A
YZ$ + ¿ +3T{x�7"$ KZ! � ��'9)U+Á&?+�x�+3O � T{$98 2 '*) � x 2 & 2| 2�0 � 7 � O 2 &y!%£\8S8F)�T 2 '*)�+($JT{+�8?T{$Hx�&?$�|}+�8S8F$9&�O 2 T�6�¤�T 0 7 2 8?8 � � 0 $�){8?+3)U8 2 7=)Up�$98%x�$�& 2 8?8 � YZ) � Y 2 YZ+9!�£�8?8?)�T � &

'*)�+($ 0 $�p��R)�p*OS$-YZ+(T{+�Y � Y 2 8�YZ+ 2 8?8 � Y�) � Y 2 YZ+ 0 $9T{+�r 2 +�Tª�J+ »�2 ��2 OS¤H ��H8?+3T{x�&S+ 2 )�T{+�p9O 2 pUY�$JY�+\��!LuI+3T
��!Lu{x�$�p*O?$�!J��pUY�+B �� 0 $�&S&S+�8?x�$9pUYZ+ 2  y��� �¢YZ+�x�&S+�8?+3pUr 2 +�� 2 ���¾YZ+�x�&?+y8F+�pUr 2 !\£\8S8 � T ��$98 0 $9p��R)�p*O?$*8
p�+�6�)�7"$98?$98

A
+
B
YZ+ 2 7=)�pU$98±6�$�p�8�+VYZ+ 2 7=)�pU$98 2 8?8&�1YZ)�$98�&?+y8Fx�+ 0 O �"»�2 T{+3p*O?+�|}$�& 2 T YZ+��Up � YZ$*8�x�+37"$\xU&?$�|}+�8S8F$9&

0 $9T{$
A(bons alunos) = {(6.5, 0.25), (7, 0.5), (7.5, 0.75), (8, 1), (8.5, 0.75), (9, 0.5), (9.5, 0.25)}

B(alunos assíduos) = {(6, 0.25), (6.5, 0.5), (7, 0.75), (7.5, 1), (8, 1), (8.5, 1), (9, 1), (9.5, 1), (10, 1)}

A ∪ B = {(6, 0.25), (6.5, 0.5), (7, 0.75), (7.5, 1), (8, 1), (8.5, 1), (9, 1), (9.5, 1), (10, 1)}

A ∩ B = {(6.5, 0.25), (7, 0.5), (7.5, 0.75), (8, 1), (8.5, 0.75), (9, 0.5), (9.5, 0.25)}

B̄ = {(0, 1), (0.5, 1), (1, 1)(1.5, 1), (2, 1), (2.5, 1), (3, 1), (3.5, 1), (4, 1),

(4.5, 1), (5, 1), (5.5, 1), (6.0.75), (6.5, 0.5), (7, 0.25)}
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A
�
B
+

C
pU$ 0 $�pz�R)�p*O?$�)�p �"» +�&S8?$

X
+H$ 0 $�pz�R)�p*O?$ »�2 @ � $

∅
!V£\88?+3/�) � p*O?+y8�$�x�+3& 2 r3�*+y8 0 $�p*O � p�) 2 T »�2 7=+�pUYZ${x 2 & 2{0 $9p��R)�p*O?$*8�p�+36U)�7=$*8F$*8MI

²�� � ����mZ�ye �±ef��m���b��
A ∪ B = B ∪ A

�
A ∩ B = B ∩ A

�
�Bhyhy�±k�elmZ��e �±ef��m���b��

A ∪ (B ∪ C) = (A ∪ B) ∪ C, A ∩ (B ∩ C) = (A ∩ B) ∩ C
�


���b�� "X��� ����k9efm �
A ∪ B = A, A ∩ A = A

�
`cefh��3��e}µ%���ye �±el��m���b��

A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∩ C), A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C);

��µ%hy�U�����U� �
A ∪ (A ∩ B) = A, A ∩ (A ∪ B) = A

�

�� ����°l���9��� �

Ā = A
�

� °fb�� b�������ht´¨b����3����h �
A ∪ ∅ = A, A ∩ X = A

�
��µ%hy�U�����U� �

A ∩ ∅ = ∅, A ∪ X = X

`cb 	 ��� $�m�� �
(A ∩ B = Ā ∪ B̄,

º ¿ � 8ROS+H)�T 2 Y � |}+�&?+�pUr 2 6U�98 �1032 +3p*OS&?+J$98 0 $�p��R)Up9OS$98wpU+36�)�7"$98?$98V+ 0 $�p��R)�p*OS$98�p �=O � YZ$98�!XM��5Y�) 2 8w$9x�+�& 2 �
r���+y8]'*)�+IpUsz${8?+\T 2 p*O?¤�T¢'*) 2 pUY�$ 2 x�7 �1032 Y 2-2 $98 0 $�pz�R)�p*O?$98Vp�+�6�)�7"$98 2 !�ºX8FO 2 Y � |}+�&?+�pUr 2 +�8FOS�t&?+�7 290 � $�p 2 Y 20 $9T 2 8�7"+ � 8(Y 2{4 sz$B[]$�p*O?& 2 Y � r�sz$ :

A ∩ Ā ≡ ∅
E +-Y 2 º ¿Z0 7=)�8?s�${Y�${§Á+ � $ :

A ∪ Ā ≡ X
E !

[]$�T{$Hp 2 7".�/ �"0�2 p�+36U)�7=$*8 2 $*8 0 $9p��R)�p*O?$*8 pUs�$-8?s�$Hp � O � Y 2 T{+3p*O?+�YZ+��Up � YZ$*8 +37"+�8XpUsz$H$96�+yYZ+ 0 +3T 2 +�8FO 2 8
7"+ � 83!�[]$�T{$³+ ¿ +3T{x�7"$ � »�2 T{$98 0 $�pU8 � Y�+3& 2 &I$ 0 $�p��R)�p*OS$cYZ$*8 2 YZ)U7 OS$98I+5Y�$98JpUs�$ 2 Y�)�7 OS$98HYZ+��Up � YZ$98 0 $�T{$
T{$98FO?& 2 YZ$³p 2;> � /9)�& 2 KZ!LKz�U! � 2 T5$*8 0 ¡ 2 T 2 &I$ 0 $9p��R)�p*O?$¨YZ$*8 2 YZ)�7=O?$*8HYZ+

A
+{$;8F+�) 0 $�T{x�7"+3T{+3p*OS$ �±$*8

YZ$*8�pUsz$ 2 Y�)�7 OS$98wYZ+
Ā
!
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0 $9p��R)�p*O?$*85p�+36�)U7=$*8F$*8�p�sz$ � �\$*8 �9$ :F:B'*)%+A'*) �w y����� EFE x�&S$�x$�98{'*)�+¨8F+;)U8 2 8S8F+³+�8FO?+y85| 2 O?$*8{x 2 & 2 T{+yY � &
'*)Usz${p�+�6�)�7"$98?$�)UT 0 $9p��R)�p*O?${¤9! º�7=+-Y�+3p�$9T � p�$9)c+y8RO 2 T5+yY � Y 2 YZ+  #� :_/020,!8B. �! k � Vb2 " .�!
`cb9d%��ef���U� _ # _ � � ��������"%efm ´¨b*µ%��°l��hym ��� 2 ��" 8B1  /  �?> H�2 ��)9�?� :f2 �! k � Vb2 " 2

A
[ %  #� :_/020,!8B. 1  #" :  

H�2 � )9�?� :&2 Y 1  B^�� 8B1�. ,  Vb. � hA/ >i� V]. �
E(A) =

c(A ∩ Ā)

c(A ∪ Ā)

: KZ!" �� E
2 � 1  

c
/  _�# /  1f"� . �?> .PH�2 � :f. K� �> ,
.�1�8(aGM�2C2 � 8 � :  fK /0.AaGM�2+/ " 2�k#/  2 "9� ,�2�/9:  1�2PH�2 � )9�?� :&2�[

��6U8?+3& »�2 &('*)�+tx 2 & 2 )�T 0 $�pz�R)�p*O?$Bp�� O � YZ$B$Bp�)�T{+3& 2 YZ$9&(¤t8?+3T{x�&S+t��+t$BYZ+3pU$�T � p 2 YZ$9&\¤t8?+3T{x�&S+� ��
x�$�&?O 2 p*OS$ 2 +�p9OS&?$9x �12 YZ+H)UT 0 $9p��R)�p*O?${p �=O � YZ$ »�2 7"+H8F+�T{x�&?+H�U!
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c(A ∩ Ā) = 5

c(A ∪ Ā) = 20 + 20− 5 = 35

E(A) =
5

35
= 0.14
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IF x IS X AND y IS Y THEN r IS R

4 +y8RO 2 &?+�/�& 2 $98 2 p*O?+ 0 +�YZ+�p*O?+�8w8Ssz$
x IS X AND y IS Y

oqp*O?+�&S8?+ 0 r3sz$ :
AND
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IF water temperature IS low AND air temperature IS low THEN switch on water heater longer

� 2 T{$*8 0 $9pZ|}+3& � &B$98B+�|}+ � OS$98cY 2 $9x�+�& 2 r3sz$ Y�+ � p9OS+3&D8F+ 0 r�sz$ 0 $9T{x 2 & 2 pUY�$ $98�+3|}+ � O?$*8³Y 2 8BYZ+��Up � r���+�8
p �=O � Y 2 8�+�p�+�6�)�7"$98 2 8 p 2 8F$97=)Ur�sz$(YZ+X)�T	xU&?$96�7=+�T 2 + ¿ +3T{x�7"$U!�# 2 & 2 � 8FO?$ »�2 T{$*8 0 $9pU8 � YZ+�& 2 &±YZ$ � 8 0 $�p��R)�p*OS$98�I
T{+ �12 � Y 2 YZ+H+ 2 7=O?$�!%£¦Y�+��Up � r3s�${p � O � Y 2 YZ+�8FO?+y8 0 $�pz�R)�p*O?$98�+y8ROD�5T5$*8ROS& 2 Y 2 p 2�> � /9)�& 2 KZ!LKZ 9!

25 30 35 40 45 50 55
0

1Meia
Idade

1,5 1,6 1,7 1,8
0

1Alto

idade altura
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£	|})�pUr�sz$�YZ+ � p 0 7")U8Ssz$�YZ$ 0 $9p��R)�p*O?${T{+ �12 � Y 2 YZ+J¤ 2 8F+�/�) � p*O?+ I

µmeia idade(idade) =







0 se idade < 35
1 se 35 ≤ idade ≤ 45
0 se idade > 45
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µalto(altura) =

{

0 se altura < 1.70
1 se altura ≥ 1.70
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alto
+

meia idade
!
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µalto(altura) =







0 se altura ≤ 1.70
5 · altura − 8.5 se 1.70 < altura < 1.90
1 se altura ≥ 1.90

µmeia idade(idade) =















0 se idade ≤ 30
idade

10 − 3 se 30 < idade ≤ 40
−idade

10 + 5 se 40 < idade ≤ 50
0 se idade > 50
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T (0, 0) = 0K�!
T (x, y) = T (y, x)

PU!
T (x, 1) = x

��!
T [T (x, y), z] = T [x, T (y, z)]

u�!
T (z, w) ≤ T (x, y) se z ≤ x e w ≤ y£\8tx�& � T{+ � & 2 8H+BO?+3& 0 + � & 2 8J&S+3/9& 2 8J/ 2 & 2 p9OS+3T '9)U+ 2 $�x�+3& 2 r�sz$;x�$�Y�+³8?+3&-&S+�YZ)U@ � Y 2Á2 )�T 2 $9x�+�& 2 r3s�$;Y�+

)�p � sz$ 0 71��8S8 �"0�2 !�£\7=¤�T Y � 8?8?$ � 2 O?+�& 0 + � & 2 &?+�/�& 2 / 2 & 2 p9OS+ 2 + ¿ � 8ROS¼3p 0 �"2 YZ+V)�T +37"+3T{+�p9OS$�pU+3)ZOS&?$�!�£ 8F+�/�)�p�Y 2
&S+3/�& 2 / 2 & 2 p9OS+-'*)�+ 2 $9&SYZ+�T¾YZ+ 2�»�2 7 �"2 r3sz$�Y 2 $�x�+3& 2 r3s�${pUsz$ � p��U)�+�p 0 �12 p�$B&?+y8F)�7=O 2 YZ$U!w£ '9) 2 &?O 2 &S+3/�& 2
2 8S8?+3/�)U& 2 '*)�+�x�$ZYZ+�T5$*8�| 2 @3+�& 2 )Up � s�$�YZ+I'*) 2 71'*)�+3&]p DUT5+�&?$�YZ+ 0 $�p��R)�p*OS$98]+3TÀ'*) 2 71'*)�+3&]$�&DYZ+3TÀ'*) 2 p�YZ$
| 2 @�+3T{$98 2 $9x�+�& 2 r3s�$�YZ$ � 8 2 YZ$ � 8�! > � p 2 7"T{+3p*O?+ 2 '*) � p*O 2 &?+�/�& 2�2 8?8?+3/9)�& 2 '*)�+H)�T 2 Y � T � p�) � r3s�$�p�${/�& 2 )
YZ+ � p 0 7")U8?s�$�p�$³/�& 2 )ÁYZ$*8 0 $�p��R)�p*OS$98�pUsz$�x�$ZYZ+5x�&?$ZYZ)U@ � &�)�T 2 )�T{+3p*O?$Bp�$B/9& 2 ) YZ+ � p 0 7=)U8Ssz$cY 2 )Up � s�$
YZ$*8 0 $�pz�R)�p*O?$98�!
£ $�x�+3& 2 r�sz$JYZ+wx�&S$ZYZ)ZO?$ 2 7=/9¤36�& �10 $�O 2 T�6�¤�T ¤w)UT 2 �V��p�$9&?T +wx�$ZYZ+\8?+3& )U8 2 Y 2 x 2 & 2 YZ+��Up � & 2 $9x�+�& 2 �

r3s�$tYZ+ � p*O?+�&S8?+ 0 r3s�$-YZ+ 0 $�p��R)�p*OS$98�pU+36�)�7"$98?$98�! 4 $t+�p*O 2 p*OS$ ��+ ¿ � 8FO?+�Tª$9)ZO?& 2 8X$�x�+3& 2 r3�*+y8�'*)�+\8 2 O � 8F| 2 @�+3T 2
+�8FO?+y8 2�¿ � $�T 2 8%+�'9)U+(8F+�&Ss�$ 2 x�&S+�8?+3p*O 2 Y 2 8�T 2 � 8 2 Y �"2 p*O?+�!�#%$�Y�+\8F+�&�x�&S$ »�2 YZ$H'*)�+wx 2 & 2 '*) 2 7"'*)�+�&��V��p�$9&?T

T [µA(x), µB(y)] ≤ min[µA(x), µB(x)]
: KZ!" �� E

+Hx�$�&?O 2 p*OS$ 2 $�x�+3& 2 r�sz${YZ+JT �=p � T{$�¤H)�T¢7 � T � O?+t8?)�x�+3& � $9&�x 2 & 2 +y8RO 2 $�x�+3& 2 r3s�$³!
Q*��p�$�&ST�8\/9+3p�+�& 2 7 � @ 2 T¾$ 0 $�p 0 + � O?$³Y�+5$9x�+�& 2 r3s�$BYZ+5)�p � sz$U!tº�7 2 8JT 2 x�+ �12 T

[0, 1] × [0, 1] → [0, 1]
+

O 2 Tt6�¤3T 8 2 O � 8R| 2 @3+�T 0 � p 0 $ 2�¿ � $9T 2 8�! # 2 & 2w2 x�&S+�8?+3p*O 2 &�+y8ROS+�8 2z¿ � $9T 2 8 »�2 T{$98 )�8 2 &±$(8 �"Tt6�$�7"$
S(x, y)

x 2 & 2
&S+3x�&S+�8?+3p*O 2 &�Q���p�$9&?T�8�+H8?+R� 2 T

x, y, z
+

w
$98�$9x�+�& 2 pUYZ$98�!%��+�T5$*8�+3p*OSs�$JI
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S(1, 1) = 1

K�!
S(x, y) = S(y, x)

PU!
S(x, 0) = x

��!
S[S(x, y), z] = S[x, S(y, z)]

u�!
S(z, w) ≤ S(x, y) se z ≤ x e w ≤ y

£\8tx�& � T{+ � & 2 8H+BO?+3& 0 + � & 2 8J&S+3/9& 2 8J/ 2 & 2 p9OS+3T '9)U+ 2 $�x�+3& 2 r�sz$;x�$�Y�+³8?+3&-&S+�YZ)U@ � Y 2Á2 )�T 2 $9x�+�& 2 r3s�$;Y�+
� p9OS+3&D8F+ 0 r�sz$ 0 71��8S8 �"0�2 !(£(7"¤3T Y � 8S8F$ � 2 OS+3& 0 + � & 2 &?+�/�& 2 / 2 & 2 p9OS+ 2 + ¿ � 8ROS¼3p 0 �"2 YZ+t)�TÂ+�7=+�T5+�p*O?$�p�+�)ZO?&S$U!�£
8?+3/�)UpUY 2 &?+�/�& 2 / 2 & 2 p*O?+V'9)U+ 2 $9&SYZ+�T YZ+ 2�»�2 7 �"2 r3s�$\Y 2 $�x�+3& 2 r�sz$\p�sz$ � p �U)�+3p 0 �12 pU$I&S+�8?)�7=O 2 YZ$U!�£ '*) 2 &FO 2
&S+3/�& 2Á2 8?8?+3/9)�& 2 '*)�+³x�$ZYZ+�T{$98t| 2 @3+�& 2 � p*OS+3&D8F+ 0 r3s�$ YZ+;'*) 2 71'*)�+3&�p DUT5+�&?$ YZ+ 0 $�pz�R)�p*O?$98t+3T~'*) 2 7"'*)�+�&
$�&DYZ+�T '*) 2 pUYZ$�| 2 @�+3T{$98 2 $�x�+3& 2 r�sz$ YZ$ � 8 2 YZ$ � 83! > � p 2 7"T{+3p*O?+ 2 '9) � p*O 2 &?+�/�& 2 2 8?8?+3/9)�& 2 '*)�+ )�T 2
Y � T � p�) � r3s�$�p�$5/�& 2 )³YZ+ � p 0 7=)U8Ssz$�p�$5/�& 2 )BYZ$*8 0 $�pz�R)�p*O?$98]pUs�$�x�$ZYZ+�xU&?$ZYZ)�@ � &�)�T 2 )�T{+3p*O?$5p�$5/�& 2 )BY�+
� p 0 7")U8Ssz$�Y 2 � p*OS+3&D8F+ 0 r3s�$5Y�$98 0 $9p��R)�p*O?$*83!
£ $9x�+�& 2 r3s�${Y�+�8?$�T 2 pUs�$B¤-)�T 2 Q*��pU$�&ST¾+�pUsz$�x�$ZYZ+�8?+3&I)U8 2 Y 2 x�$9& 0 & � O?¤3& � $98wT 2 OS+3T���O �"0 $98\x 2 & 2YZ+��Up � & 2 $9x�+�& 2 r3sz$wYZ+V«(p � sz$(Y�+ 0 $9p��R)�p*O?$*8±p�+�6�)�7"$98?$98�!�«(T 2 $9x�+�& 2 r3s�$ 2 7 OS+3&Sp 2 O �=»�2 ¤ 2 YZ+X8?$�T 2 7 � T � O 2 Y 2

'*)�+J¤-YZ+���p � Y�$ 0 $�T{$NI
µA(x) + µB(x) − µA(x) × µB(x)#%$ZYZ+-8F+�&�x�&?$ »�2 YZ$5'*)�+Hx 2 & 2 '*) 2 7"'*)�+�&wQ���p�$9&?T

max[µA(x), µB(x)] ≤ S[µA(x), µB(y)
: KZ!" �� E

+{x�$9&FO 2 p*O?$ 2 $�x�+3& 2 r�sz$cYZ+�T�� ¿ � T{$;¤{)�T 7 � T � O?+ � pZ|}+�& � $�&Hx 2 & 2 +�8FO 2 $9x�+�& 2 r3sz$�!{�I8H8?+3/9) � p*OS+�8J7 � T � O?+�8
x�$�Y�+3T¾8?+3&w+y8RO 2 6�+37"+ 0 � YZ$*8Vx 2 & 2 Q*��pU$�&ST{8V+-�V��p�$�&ST�8

T [µA(x), µB(y)] ≤ min[µA(x), µB(x)] ≤ max[µA(x), µB(x)] ≤ S[µA(x), µB(y)
: KZ!LKz� E

��x�+3& 2 r���+y8�6 2 8?+ 2 Y 2 8�p�+y8RO 2 8\p�$�&ST 2 8wx�$ZYZ+3T 8?+3&wOS$�&Sp 2 &(&S+�8FO?& � O �"»�2 8w+-$*8 0 ¡ 2 T 2 YZ$98�$9x�+�& 2 YZ$�&S+�8wY�+2 /9&?+�/ 2 r3sz$³8?s�$c+�T{x�&?+�/ 2 YZ$98Ix 2 & 2 p�+�6�)�7 � @ 2 & 2 &?+�/ � sz$c+3p*O?&S+ 2 8J$9x�+�& 2 r���+�8JYZ+�T �"p � T5$¨+�T�� ¿ � T{$¨'9)U+
pUs�${8Ssz$ 0 $96�+�&FO 2 8�x�+37 2 8�p�$9&?T 2 83!�#%$�&?O 2 p*OS$�OS+3T{$98w'*)�+

min(x1, x2, . . . , xn) ≤ A(x1, x2, . . . , xn) ≤ max(x1, x2, . . . , xn)
: KZ!LKZ E

$�p�YZ+
A
&S+3x�&S+�8?+3p*O 2 )�T $9x�+�& 2 YZ$�&JYZ+ 2 /9&?+�/ 2 r3sz$�!I«\T $9x�+�& 2 YZ$�&IYZ+�8FO?+5O � x�$c6 2 8FO 2 p*OS+�+�T5xU&?+�/ 2 Y�$B¤ 2

T{¤�Y �12{2 & � OST{¤�O �1032 I
A(x1, x2, . . . , xn) =

1

n

n
∑

i=1

xi

�"��� 	�� #3� -���
 # 6BA �2> � #�
46G- �7'�� *,-C6 # / ����� - @4#��
M\��)�TÂ+3p�$9&?T{+-+y8R|}$9&Sr3$�YZ+tx�+�8S'*) � 8 2 x 2 & 2 Y�+��Up � &�|}$�&ST 2 8wp�+�6�)�7"$98 2 8 2 7 OS+3&Sp 2 O �=»�2 8(YZ+t$9x�+�& 2 r���+�8(+3p*O?&S+
0 $9p��R)�p*O?$*83!{£ + ¿ x�+3& � ¼�p 0 �12 x�&S�zO �1032 O?+�T YZ+�T5$9pU8FO?& 2 YZ$;'*)�+5O 2 � 8I|}$�&ST 2 8 2 7=O?+�&?p 2 O �"»�2 8J8Ssz$cp�+ 0 +�8S8?��& �12 8�!
oR8FO?$c$ 0 $�&S&?+tx�& � p 0 � x 2 7=T{+�p9OS+�pU$ 0�2 8?$³Y 2 $�x�+3& 2 r�sz$BYZ+ � p*O?+3&D8?+ 0 r�sz$ ��+{+3T )UT /�& 2 )ÁT{+�p�$�&Ip�$ 032 8?$³Y�$0 $9T{x�7=+�T{+3p*O?$�!
ºX8FO 2 8w$�x�+3& 2 r3�*+y8w8?s�$ 0 ¡ 2 T 2 Y 2 8 0 $9T{x�+�pU8 2 O?.9& �12 8�x�$�&D'*)�+H+37 2 8wxU&?$ 0 )U& 2 T 0 $9T5x�+3p�8 2 & 2 8(YZ+��Up � r���+�8

+�8FO?& � O 2 8�Y 2 Y 2 8wx�$�&-  2 Y�+3¡¨x 2 & 2 $*8($�x�+3& 2 Y�$�&S+�8w£ 4 � ���Iv + 4 �I�J!UºX7 2 8\x�&S$ 0 )�& 2 TW| 2 @�+3& 0 $�TÂ'*)�+ 2 8
&S+37 2 r���+y8]+�p*O?&S+IxU&?$9x�$*8 � r���+�8 0 )��R$98 »�2 7"$�&S+�8V+y8ROS+R� 2 T¾Tt) � O?$�8?+3x 2 & 2 YZ$98V8?+R� 2 T¾T{+3p�$*8w8F+�pU8 � » + � 8�!
� 2 T{$*8 2 p 2 7 � 8 2 &�+y8ROS+�8%x�&S$�6U7=+�T 2 8 » +3& � � 032 pUYZ$I$J'*)�+w$ 0 $�&S&?+ 0 $9T 2 $�x�+3& 2 r3s�$�YZ+ � p*O?+�&S8?+ 0 r3sz$5!�[]$�T{$

)�T 2 $�x�+3& 2 r�sz$cYZ+ � p*OS+3&D8F+ 0 r3s�$ 0 $�T�6 � p 2 Y �"» +�&S8?$98 0 $�p��R)�p*OS$98 ��)ZO � 7 � @ 2 pUY�$ 2 $9x�+�& 2 r3sz$;YZ+�T �"p � T{$ ��)�T
D�p �10 $ »�2 7"$�&%6 2 � ¿ $\x�$ZYZ+�T 2 8 032 & 2 &�O?$ZYZ$*8�$*8�$�)ZOS&?$*8 0 $�T{x�$9p�+3p*OS+�8�!�oR8FO?$IO?& 2 @]x�&?$96�7"+3T 2 8%YZ+�YZ+�8?+3T{x�+3p�¡U$
p�$*8 0 $�p*O?&S$�7 2 YZ$9&?+y8�p�+36U)�7=$*8F$*83! []$�p*O?&S$�7 2 Y�$�&S+�8�p�+�6�)�7"$98?$98 OS& 2 6 2 7"¡ 2 T 0 $�T )�T 2 8?¤3& � +]YZ+V&?+�/�& 2 8±Y 2 |}$�&ST 2
o > 2 p9OS+ 0 +�YZ+�p9OS+�8w�wM\º 4¦0 $9pU8F+y'LK�+3p*O?+9!X[ 2 Y 2 )�T 2 YZ+�8FO 2 8]&S+3/9& 2 8X¤ 2�»�2 7 �12 Y 2 +J$5x�+�8?$�YZ+ 032 Y 2 )UT¾YZ$*8
0 $9pU8?+�'LK�+3p*OS+�8 ��p 2 8?$�7")Ur3s�$ ��p 2 7 ��¤tY 2 YZ${x�+�7=$B&?+y8F)�7=O 2 YZ$�Y 2 $�x�+3& 2 r�sz$�YZ+ � p*O?+3&D8?+ 0 r�sz${+ ¿ + 0 )ZO 2 Y 2 8?$�6�&S+
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 ��� � ����� K*�
$98 2 p*O?+ 0 +yYZ+3p*O?+y83! #�$9&FO 2 p*O?$ �%)�T 0 $�T{x�$�p�+�p*O?+BYZ+³)�T 2 &S+3/9& 2 '*)�+BO?+3pU¡ 2 )�T »�2 7"$�&5YZ+�|})UpUr3s�$Á6 2 �=¿ $x�$�Y�+J| 2 @3+�& 0 $9TW'*)�+ 2 '*)�+37 2 &?+�/�& 2 p�sz$�O?+3pU¡ 2 x�+y8F${&S+37"+ »�2 p*OS+Ip 2 8?$�7")Ur�sz${YZ${x�&?$96�7"+3T 2 !
� 2 T{$*8 0 $�pU8 � YZ+3& 2 &])�T 2 &S+3/9& 2 + ¿ +3T{x�7"$5+ » +3& � � 032 & 0 $9T5$5+�8FO?+JT 2 8 032 & 2 T{+3p*O?$-$ 0 $�&S&?+9! []$9pU8 � YZ+�&?+ 2

8?+3/�) � p*O?+J&S+3/9& 2
o > ,!/  aG2{oFQ µ�m�e � � £ 4 � V � H�/c.A:_8;OU8B1�.�1  oFQ m�°}�ym £ 4 �  �� 1A8;O48B1�. >l #� :f2�oFQ k0.A8�352��wM(º 4 H�2 > ,o/  

� ��e}���
>U2 @3+�pUYZ$ 0 $�T�'*)�+ 2 8 »�2 & � � » + � 8 2 8?8?)�T 2 T »�2 7=$9&?+y8V+ ¿ +3T{x�7"$ �Zx�$ZYZ+3T{$98�+y8 0 &?+ » +�&

µmuito(compre) = min(µbaixo(preco), µalta(lucratividade), µbaixo(endividamento)
: K�! K9K E

µmuito(compre) = min(0.25, 0.98, 0.85) = 0.25
: KZ!LKzP E

��6U8?+3& » +X'*)�+V$Ix�+y8F$ �Up 2 7�Y 2 &S+3/9& 2 � 0 $9) � /�) 2 7��U! K9u�� 2 x�+�8 2 &%YZ+wYZ$ � 8%YZ$*8 »�2 7"$�&S+�8�+3T{x�&S+3/ 2 YZ$*8±|}$*8?8?+3T
6�+3TWx�+3&?O?$�YZ+� 9! �U!
M\� YZ$ � 8�O � x�$*8t6���8 �"0 $985YZ+³$9x�+�& 2 r���+�8 2 7=O?+�&?p 2 O �"»�2 8 � 2 '*)�+37 2 8t6 2 8?+ 2 Y 2 8t+3T $9x�+�& 2 r���+�8 2 & � OST5¤3O �1032 8

8 � T{x�7"+�8{+ 2 856 2 8F+ 2 Y 2 8t+�T |})�pUr3�*+y8{T 2 � 8 0 $�T{x�7"+ ¿�2 8�! º ¿ +�T5xU7=$*8�YZ+;$�x�+3& 2 r���+y8�8 � T{x�7"+�8{8Ssz$NI³8?$�T 2
7 � T � O 2 Y 2 �Vx�&?$ZYZ)�O?$ +¨T{¤�Y �12 ! £ 0 7 2 8S8F+¨YZ+;|})�p�r���+�8�YZ+Á© 2 /�+�&{¤¨)�T�+ ¿ +�T{x�7=$ Y�$ 8F+�/�)�pUY�$ O � x�$U!	£
+�8 0 $97=¡ 2 Y�$ $�x�+3& 2 YZ$9& 0 $�T{x�+3pU8 2 OS.�& � $ x 2 & 2 )�T¸8 � 8FO?+3T 2 x 2 &FO �"0 )�7 2 &�&S+�'*)�+3& 2 7=/9)�T 2 + ¿ x�+�& � ¼3p 0 �12 +¨¤/�+�& 2 7=T{+�p9OS+J|}+ � O?$³¡�+3)�& � 8RO �"0�2 T{+3p*O?+ �U$96U8F+�& »�2 pUYZ$z�q8?+I$B+�|}+ � O?$³Y 2 x�&S$�x�$98FO 2 !�«\T 2 &S+3/�& 2 x�&D��O �1032 Y � @�'9)U+
YZ+ » +��q8?+5xU&?$ 0 )U& 2 &F�q8F+{8?+3T{x�&S+ 0 $�T{+�r 2 &Hx�+37 2 8F$97=)�r3sz$;T 2 � 8-8 � T{x�7"+�8�!B#X& � T{+ � &?$cO?+y8RO 2 �q8F+�$*8J$�x�+3& 2 YZ$9&?+y8
YZ+   2 YZ+3¡ �]YZ+�x�$ � 8{$*8{$�x�+3& 2 YZ$9&?+y8tx�&S$ZYZ)ZOS$ �VT5¤yY �12 +¨8?$�T 2 7 � T � O 2 Y 2 ! #�$9&�D�7=O � T5$ 2 85|})�pUr���+y8�T 2 � 80 $9T{x�7=+ ¿�2 8]O � x�$ 2 8wYZ+J© 2 /9+3&y!
���	� ��� 
�����������������
12 �����-��! #�� �
£ 0 7 2 8S8?+JY�+H$�x�+3& 2 r���+y8 2 7=O?+3&Sp 2 O �"»�2 8 � 7")U8FO?& 2 Y 2 8�p 2 � 2 6�+�7 2 K�! u ��Tt)UY 2 T 2 «\p � s�$�+ 2 oqp9OS+3&D8F+ 0 r�sz$5x 2 & 2
$�)�O?& 2 8w$9x�+�& 2 r���+�8 2 7=/9¤36�& �1032 8\8 � T{x�7=+y83!(£�8\$9x�+�& 2 r���+�8\YZ+{  2 YZ+3¡¨+y8RODsz$�T{$98FO?& 2 Y 2 8wp 2 � 2 6�+�7 2 KZ!Lu5x 2 & 2
&S+�|}+3&S¼3p 0 �12 !

� 2 6�+37 2 K�! u IX��x�+�& 2 r���+�8 2 7"/�¤�6�& �"0�2 8 0 $9T5x�+3p�8 2 O?.�& �12 8VYZ+Hoqp*O?+3&D8?+ 0 r�sz$�+-«(p � sz$
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min(µA(x), µB(x)) max(µA(x), µB(x))

Product1 µA(x) × µB(x) µA(x) + µB(x) − (µA(x) × µB(x))

Média (µA(x) + µB(x))/2 (2 × min(µA(x), µB(x)) + 4 × (max(µA(x), µB(x)))/6

Média2 Média2 Média2

Média
1

2 Média
1

2 Média
1

2+/.+01( �324052768(!*�(
max(0, µA(x) + µB(x) − 1) min(1, µA(x) + µB(x))

� 2 6�+�7 2 K�! �JI%� � x�$98wYZ+H$9x�+�& 2 r���+�8 2 7"/�¤�6�& �1032 8 0 $�T{x�+3pU8 2 OS.�& �"2 8]Y�+Hoqp9OS+3&D8F+ 0 r�sz$t+-«\p � sz$
� � x�$ oqp*O?+�&S8?+ 0 r3s�$ «(p � sz$
  2 YZ+3¡

min(µA(x), µB(y)) max(µA(x), µB(y))#�&?$ZYZ)�O?$
µA(x) × µB(y) µA(x) + µB(y) − µA(x) × µB(y)§¨¤yY �"2

(µA(x) + µB(y))/2 (2 × min(µA(x), µB(y)) + 4 × max(µA(x), µB(y)))/6Q�$9T 2 , � T � O 2 Y 2
max(0, µA(x) + µB(y) − 1) min(1, µA(x) + µB(y)

# 2 & 2 | 2�0 � 7 � O 2 & 2 8 0 $9T5x 2 & 2 r���+y8�+3p*O?&S+H+�8FO?+y8w$�x�+3& 2 pUY�$98 »�2 T{$98(T5$*8ROS& 2 &w/�&D��� 0 $98�+HO 2 6�+37 2 8(Y�+ 032 Y 2
)�T 2 Y 2 8H|})UpUr���+�8 0 $9T{x�+�pU8 2 O?.9& �12 8�! []$�T{$Á$ x 2 YZ&Dsz$ÁYZ+ 0 $9T5x 2 & 2 r3s�$c8Ssz$ $98-$9x�+�& 2 YZ$�&S+�8tYZ+;  2 YZ+3¡ �



Kz� � ���`� ��� � ���R� � � 	�	
	 	���� � � � ����	 � ���
T{$98FO?& 2 T{$98Ip 2 8 > � /9)�& 2 8HKZ!LK��;+�KZ!LK�uB$98J/�&D��� 0 $98JYZ+y8ROS+�8J$9x�+�& 2 YZ$�&S+�8�!5£�8JO 2 6�+�7 2 8-KZ!��B+�K�! �cT{$98FO?& 2 T2 7"/�)UpU8 »�2 7"$�&S+�8V&?+y8F)U7 O 2 p*O?+y8]x 2 & 250�2 Y 2 )�T 2 YZ+y8RO 2 8�$�x�+3& 2 r3��+�8�!

f(x,y)

0

0.5

1 0

0.5

1

0

0.5

1

and = min(x,y)

> � /9)�& 2 K�! Kz�JI���x�+�& 2 YZ$�&w£ 4 � YZ+t  2 YZ+3¡�!

f(x,y)

0

0.5

1 0

0.5

1

0

0.5

1

or = max(x,y)

> � /9)�& 2 K�! K9u I���x�+�& 2 YZ$�&\�Iv YZ+�  2 YZ+3¡±!

_ # � #f�$#f� ��"Xb*��mU����� ! ���±�����y�
�¢$�x�+3& 2 YZ$9&�x�&S$ZYZ)ZOS$;O?+3T 2 x�&S$�x�& � +yY 2 Y�+5YZ+�&S+�8?x�+ � O 2 & 2 8 032 & 290 O?+�&&�18FO �1032 8�T � p ��T 2�¿ Y 2 $�x�+3& 2 r3s�$cY�+
� p9OS+3&D8F+ 0 r�sz${YZ+��Up � Y 2 x�$�&�  2 YZ+3¡�!

0 AND ∀(µA(x)) = 0

1 AND ∀(µA(x)) = µA(x)

«(T 2 $�)ZOS& 2�032 & 290 O?+�&&�18FO �1032 � p*O?+3&S+�8S8 2 p*O?+�¤I'*)�+I$�xU&?$ZYZ)ZOS$�T�)UY 2 x 2 & 2t0�2 Y 2 x 2 &wYZ+ :
µA(x), µB(x)

E !
oR8FO?${pUsz${$ 0 $9&?&S+Ip�+ 0 +�8S8 2 & �12 T{+3p*OS+�'*) 2 p�YZ$�8F+J)U8 2 $�$�x�+3& 2 YZ$9&]T �"p � T{$�!
£\8 > � /�)U& 2 8\KZ!LKz�5+�K�! K*�-T{$*8ROS& 2 TW$98(/�&D��� 0 $98wYZ+y8ROS+�8w$9x�+�& 2 YZ$�&S+�8�!X£\8(O 2 6�+�7 2 8\KZ! �{+�KZ!" ��5T{$98FO?& 2 T

2 7"/�)UpU8 »�2 7"$�&S+�8V&?+y8F)U7 O 2 p*O?+y8]x 2 & 250�2 Y 2 )�T 2 YZ+y8RO 2 8�$�x�+3& 2 r3��+�8�!
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	 ��� � 	*
 ��� � ����� K��
��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����

��! �����9� ��! ���9��� ��! ���9��� �U! �9����� �U! �9����� �U! �9�����
��!LK�uz�9� ��! ���9��� ��!LK�u���� �U! K9uz��� �U! K9uz��� �U! K9uz���
��!Luz���9� ��! ���9��� ��!LK�u���� �U! u������ �U! u������ �U! u������
��!��zuz�9� ��! ���9��� ��!LK�u���� �U! u������ �U!L��uz��� �U!L��uz���
 �! �����9� ��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����

� 2 6�+�7 2 K�!L� I%£ 4 � 0 $�T¢$9x�+�& 2 YZ$�&�T �"p � T{$ :
min(µ(x), µ(y))

E !
��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����

��! �����9� ��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����
��!LK�uz�9� ��!LK�u���� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����
��!Luz���9� ��!Luz�9��� ��!Luz�9��� �U! u������ �U!L��uz���  9! �9�����
��!��zuz�9� ��!��zu���� ��!��zu���� �U!L��uz��� �U!L��uz���  9! �9�����
 �! �����9�  �! ���9���  �! ���9���  9! �9�����  9! �9�����  9! �9�����

� 2 6�+37 2 K�! �JIX�Iv 0 $�T¢$9x�+�& 2 YZ$�&VT�� ¿ � T5$ :
max(µ(x), µ(y))

E !

_ # � #f�$#1_ ��"Xb*��mU������b*h 	�����efm
�ª$9x�+�& 2 YZ$�&IT{¤�Y �12 pUsz$c¤58?+3p�8 � » +�7�+�T + ¿�0 +�8S8F$³x 2 & 2 $*8 »�2 7=$9&?+y8\T �"p � T5$ ��+{T�� ¿ � T{$�!t#%$�&J+ ¿ +�T5xU7=$ �
2 8S8?)�T � pUY�$5$*8w8F+�/�) � p*O?+y8 »�2 7=$9&?+y8MI

µA(x) = 0.94, µB(x) = 0.58, µC(x) = 0.23

��+3T{$98�p 2 $9x�+�& 2 r3sz$5YZ+���p � Y 2 x�$9&�  2 YZ+�¡
µA(x)AND µB(x)AND µC(x) = 0.23

+Hp 2 $�x�+3& 2 r�sz$5YZ+HT{¤�Y �12
(µA(x)AND µB(x))AND µC(x) ≡ ((0.94 + 0.58)/2 + 0.23)/2 = 0.495

«(T­x�&S$�6U7=+�T 2 ¤c'*)�+ 2 $�&DYZ+�T YZ+ 0 ��7 0 )�7=$ ¤ � T{x�$9&FO 2 p*O?+9!�[ 2 8?$ 2 $�&DYZ+3T­+3T '*)�+³$98�$�x�+3& 2 pUYZ$*8
2 x 2 &S+ 0 +�T�8?+R� 2 T{$ZY � � 032 Y 2 $ &S+�8?)�7 O 2 YZ$ Y 2 + ¿ x�&S+�8S8?s�$ ¤ 2 7 OS+3& 2 YZ$�! �I8BT5+y8FT{$*8 »�2 7"$�&S+�8 �]+�T�$9)ZO?& 2
$�&DYZ+�T ��|}$9&?pU+ 0 +�T¢$�8F+�/�) � p*O?+J&S+�8?)�7 O 2 YZ$

(µC(x)AND µB(x))AND µA(x) ≡ ((0.23 + 0.58)/2 + 0.94)/2 = 0.6725

£\8 > � /�)�& 2 8VKZ!LKz�-+HKZ!LKz�tT{$98FO?& 2 T $98]/�&D��� 0 $98]YZ+�8FO?+y8]$9x�+�& 2 YZ$�&S+�8�!�£�8]O 2 6�+37 2 8wK�!= 9 (+JK�!= �KHT{$98FO?& 2 T2 7"/�)UpU8 »�2 7"$�&S+�8V&?+y8F)U7 O 2 p*O?+y8]x 2 & 250�2 Y 2 )�T 2 YZ+y8RO 2 8�$�x�+3& 2 r3��+�8�!

��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����
��! �����9� ��! ���9��� ��! ���9��� �U! �9����� �U! �9����� �U! �9�����
��!LK�uz�9� ��! ���9��� ��! ���*K�u �U!= �K�uz� �U!= y�*�zu �U! K9uz���
��!Luz���9� ��! ���9��� ��!" yK9uz� �U! K9uz��� �U! P��zuz� �U! u������
��!��zuz�9� ��! ���9��� ��!" ����zu �U! P��zuz� �U! u��9K�u �U!L��uz���
 �! �����9� ��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����

� 2 6�+�7 2 KZ! � I £ 4 � 0 $�T¢$9x�+�& 2 YZ$�&�x�&S$ZYZ)ZO?$ :
µ(x) ∗ µ(y)

E !
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	 	���� � � � ����	 � ���
��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����

��! �����9� ��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����
��!LK�uz�9� ��!LK�u���� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����
��!Luz���9� ��!Luz�9��� ��!Luz�9��� �U! u������ �U!L��uz���  9! �9�����
��!��zuz�9� ��!��zu���� ��!��zu���� �U!L��uz��� �U!L��uz���  9! �9�����
 �! �����9�  �! ���9���  �! ���9���  9! �9�����  9! �9�����  9! �9�����

� 2 6�+37 2 K�!= y� IX�Iv	x 2 & 2 ${$9x�+�& 2 YZ$�&�x�&S$ZYZ)ZO?$ :
(µ(x) + µ(y)) − (µ(x) ∗ µ(y))

E !

f(x,y)

0

0.5

1 0

0.5

1

0

0.5

1

and = x*y

> � /9)�& 2 KZ!LKz�JIX��x�+�& 2 YZ$�&�£ 4 � 0 $9T¢x�&S$ZYZ)ZO?$�!

_ # � #f�$#"® ��� � m � e%� e}�ym���m
£\8 > � /9)�& 2 8-KZ! P��c+³K�! PU 5T{$*8ROS& 2 T $98-/�&D��� 0 $98JYZ+�8FO?+y8-$9x�+�& 2 YZ$�&S+�8�!�£\8-O 2 6�+37 2 8�KZ!" �Pc+³KZ!" 3�;T{$98FO?& 2 T
2 7"/�)UpU8 »�2 7"$�&S+�8V&?+y8F)U7 O 2 p*O?+y8]x 2 & 250�2 Y 2 )�T 2 YZ+y8RO 2 8�$�x�+3& 2 r3��+�8�!

� � p9OS+3&S+�8S8 2 p*O?+{p�$zO 2 &-'*)�+�$¨$9x�+�& 2 YZ$�&-8?$�T 2 7 � T � O 2 Y 2 $�6�+�YZ+ 0 + 2 7"+ � Y 2 + ¿�0 7")U8Ssz$¨YZ$ÁT{+ � $ 0 $�T{$0 $9pU8?+�'LK�¼3p 0 �12 Y 2 |}$�&ST 2Á0 $9T{$Á$Á$�x�+3& 2 Y�$�&J|}$ � YZ+��Up � YZ$U!#� 2 T5$*8 0 $�pU8 � Y�+3& 2 &H)�T »�2 7"$�&
µA(x)

�%$ 8F+�)
0 $9T{x�7=+�T{+3p*O?${¤HY 2 Y�$5x�+37"$ »�2 7"$�&

µĀ(x) = 1 − µA(x)

£ $�x�+3& 2 r�sz$5YZ+ � p*OS+3&D8F+ 0 r3s�$ 0 $�T¢${$9x�+�& 2 YZ$�&�T �=p � T{$ 2 x�7 �1032 Y 252 +y8ROS+�8 »�2 7"$�&S+�8]|}$�&Sp�+ 0 +

µĀ(x) AND µA(x) = min(µĀ(x), µA(x)),

� 2 6�+37 2 K�!= 9 I £ 4 � 0 $9T¢$�x�+3& 2 Y�$�&�T{¤�Y �12;:
(µ(x) + µ(y))/2.0

E !

��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����
��! �����9� ��! ���9��� ��!" yK9uz� �U! K9uz��� �U! P��zuz� �U! u������
��!LK�uz�9� ��!" yK9uz� ��!LK�u���� �U! P��zuz� �U! u������ �U! �*K�uz�
��!Luz���9� ��!LK�u���� ��! P*��uz� �U! u������ �U! �*K�uz� �U!L��uz���
��!��zuz�9� ��! P*��uz� ��!Luz�9��� �U! �*K�uz� �U!L��uz��� �U! ���zuz�
 �! �����9� ��!Luz�9��� ��! �9K9uz� �U!L��uz��� �U! ���zuz�  9! �9�����
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f(x,y)

0

0.5

1 0

0.5

1

0

0.5

1

or = (x+y)-(x*y)

> � /�)�& 2 KZ!LK9� I ��x�+3& 2 YZ$9&\�Iv x�&S$ZYZ)ZOS$U!

� 2 6�+�7 2 K�!= �K I��Iv x 2 & 2 ${$9x�+�& 2 YZ$�&VT{¤�Y �12¨:
(2 ∗ min(µ(x) + µ(y)) + 4 ∗ max(µ(x) ∗ µ(y)))/6

E !

��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����
��! �����9� ��! ���9��� ��!" ��9�*� �U! P9P�P�P �U! u������ �U! �9���*�
��!LK�uz�9� ��!" ��9�*� ��!LK�u���� �U! �� ��*� �U! u���P�P �U!L��uz���
��!Luz���9� ��! P�P9P�P ��! �U y�*� �U! u������ �U! �9���*� �U! �9P�P�P
��!��zuz�9� ��!Luz�9��� ��!Luz�9P�P �U! �9���*� �U!L�z����� �U! �U ��*�
 �! �����9� ��! ���9�*� ��!��zu���� �U! �9P�P�P �U! �U ��*�  9! �9�����

+3p�'9) 2 p*O?$�'*)�+J+�8FO 2 $�x�+3& 2 r�sz$ 0 $9T¢${$�x�+3& 2 YZ$9&�8?$�T 2 7 � T � O 2 Y 2 |}$9&?pU+ 0 +

µĀ(x) AND µA(x) = max(0, µĀ(x) + µA(x) − 1) = 0

oR8FO?$�8 � /�p � � 032 '*)�+�pU+�8FO?+ 2 8?x�+ 0 O?$�+�8FO 2 $�x�+3& 2 r�sz$-+y8ROD�-T 2 � 8Vx�&?. ¿ � T 2 Y 2 7=.9/ �1032 �V$�$�7"+ 2 p 2 YZ$5'*)�+IY 2
p�+�6�)�7"$98 2 !

���	� �
� 
�������� �-' � ������� � ����� � � � % � ,-)��������

£ 0 7 2 8S8F+\Y�+\$�x�+3& 2 r3��+�8 2 7 OS+3&Sp 2 O �=»�2 8 � 7")U8FO?& 2 Y 2 8�p 2 � 2 6�+�7 2 KZ!" yu ��Tt)�Y 2 T 2 «\p � sz$t+ 2 oqp*O?+�&S8?+ 0 r3s�$Hx 2 & 2
|})�pUr3��+�8wT 2 � 8 0 $9T{x�7=+ ¿�2 8�!�£�8w$�x�+3& 2 r3�*+y8�YZ+t  2 YZ+�¡³+y8RODsz${T{$98FO?& 2 Y 2 8Vp 2 � 2 6�+�7 2 x 2 & 2 &?+3|}+3&S¼3p 0 �"2 !

��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����
��! �����9� ��! ���9��� ��! ���9��� �U! �9����� �U! �9����� �U! �9�����
��!LK�uz�9� ��! ���9��� ��! ���9��� �U! �9����� �U! �9����� �U! K9uz���
��!Luz���9� ��! ���9��� ��! ���9��� �U! �9����� �U! K9uz��� �U! u������
��!��zuz�9� ��! ���9��� ��! ���9��� �U! K9uz��� �U! u������ �U!L��uz���
 �! �����9� ��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����

� 2 6�+37 2 K�!= yP I%£ 4 � 0 $9TW8?$�T 2 7 � T � O 2 Y 2
max(0, µ(x) + µ(y) − 1)

!
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f(x,y)

0
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1 0
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1

and = (x+y)/2

> � /9)�& 2 K�! K�� I���x�+�& 2 YZ$�&w£ 4 � 0 $�T¢T{¤�Y �"2 !
f(x,y)

0

0.5

1 0
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1

0

0.5

1

or media

> � /9)�& 2 K�! K�� IX��x�+3& 2 YZ$9&w�Iv 0 $9T¢T{¤�Y �12 !

_ # � #1_ #f� ��"Xb*��mU������b*h�²���� "Xb���hymZ� �U��ef��ht��b��Hm $�b9�
#�&S$�x�$98FO?$*8Bx�$�&¨vw$9p © 2 /9+3&¨YZ$ oqpU8FO � O?)ZOS$�x 2 & 2 oqp*O?+�7 � /�¼�p 0 �12 Y 2 §Á�9'9) � p 2 YZ$ oq$�p 2 []$�7"7"+3/�+9!ÀºX8FO?+�8
$�x�+3& 2 Y�$�&S+�8�O?+�T )UT x 2 &S½�T{+�O?&S$

k
��'9)U+ »�2 & �12 +3p*OS&?+\�J+

∞
�*&?+�x�&?+y8F+�p*O 2 p�YZ$ 2 |}$�&Dr 2 Y 2H0 $�p�+ ¿ s�$J+3p*O?&S+($98

0 $9p��R)�p*O?$*8%+w8?s�$ � T{x�$9&FO 2 p*O?+y8�p 2I0 $�pU8FO?&S)Ur�sz$�Y�+VT{$ZYZ+�7=$*8%p�+36�)U7=$*8F$*8 0 $�&S&?+3O?$*8�+ » +�& � � 0 � » + � 8�! � 2 T{+�8?T 2
T 2 p�+ � & 2 '*)�+ 2 7".�/ �1032 �V$�$�7"+ 2 p 2 ��YZ+ » � YZ$ 2 8?+3) 0�2 &D��O?+�&�p � O � Y�$ 2 x�&S+�8?+3p*O 2 &wY � � 0 )�71Y 2 YZ+�8w+�T¾T{$ZYZ+�7 2 &w$Tt)UpUYZ$�&S+ 2 7 ��$B+�8S'9)U+3T 2 T �=p � T{$ ��T{� ¿ � T{${|}&S+�'LK�+3p*OS+3T{+3p*O?+t&?+y8F)�7=O 2 +�T¾)UT�T{$ZYZ+�7=$�'*)�+t8?+ 0 $�T{x�$9&FO 2
+3&S& 2 O �1032 T{+3p*O?+('*) 2 pUYZ$H$98]Y 2 Y�$98�+y8RODsz$Hp�$*8�+ ¿ OS&?+�T{$98�YZ$ 0 $9p��R)�p*O?$t8?)�x�$�&?O?+9! 4 +�8FO?+ 0�2 8?$Hx�$ZYZ+�T{$98�)�8 2 &
${x 2 &D½zT{+3O?&S$

k
x 2 & 25»�2 & �"2 & 2 p�+�6�)�7"$98 � Y 2 YZ+HYZ$�8 � 8FO?+�T 2 !

�I8%$�x�+3& 2 Y�$�&S+�8%YZ+w)�p � sz$H+ � p*O?+�&S8?+ 0 r3sz$JYZ+�© 2 /�+3& 0 $�p » +�&?/9+3T¦x 2 & 2 $*8%$�x�+3& 2 YZ$9&?+y8�T 2z¿ ��T � p�'*) 2 p�YZ$
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and = max(0, x+y-1)
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µA∪B = min[1, µA(x) + µB(x)]
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k → ∞

2 |})UpUr3s�$ � 0�2 � /�) 2 7 2
max(a, b)
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]1/k

}
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µA(x) = 0

�
µB(x) = 0
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µA(x) = µB(x)
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Q = (µA(x)k +
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min(µA(x), µB(x)) max(µA(x), µB(x))F (��!,��
1 − min(1, ((1 − µA(x))k + (1 − µB(x))k)1/k) min(1, (µA(x)k + µB(y)k)1/k)
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or soma limitada
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lim
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ln Q = lim
µA(x)k ln µA(x) + µk

B(x) ln µB(x)

µA(x)k + µB(x)k

lim
k→∞

ln Q = lim
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µk
B

(x)
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µA(x)k

µB(x)k + 1
= ln µB(x)
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µA∩B(x) = 1 − min
{

1,
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(1 − µA(x))k + (1 − µB(x))k
]1/k
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min (µA(x), µB(x))
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X = {x1, x2, . . . , xn}
!��¦'9)U+�¤I+3p*OSs�$t)�T 0 $�p��R)Up9OS$�pU+36�)�7"$98?$

A
��YZ+��Up � YZ$5p�+y8ROS+IYZ$9T �=p � $ �Z'*) 2 pUYZ$t+�7=+

¤�&S+3x�&S+�8?+3p*O 2 YZ$B/9+3$9T5+3O?& �"0�2 T{+3p*OS+ G £ &S+3x�$98FO 2 ¤�)�T x�$�p*OS$;Y�+3p*O?&S$¨YZ+�)�T ¡ � x�+3& 0 )�6�$¨)�p � OS��& � $¨YZ+
nY � T{+3pU8?��+�8�!

[]$�p�8 � YZ+3&S+ 0 $9T{$�+ ¿ +3T{x�7"$�)�T 0 $�p��R)�p*OS$ 0 $9TÂY�$ � 8(+37"+3T{+�p9OS$98
X = {x1, x2}

!�� ¡ � x�+3& 0 )�6�$Bp�+y8ROS+032 8F$�O?+�T�Y�) 2 8wY � T{+3pU8?��+�8 �Z$�)¨8?+R� 2 )�T¾'*) 2 YZ& 2 YZ${YZ+H7 2 YZ$ � /�) 2 7 2 )�T;!]� 0 $�p��R)�p*OS$5x�$zOS¼3p 0 �"2�0 7"�98?8 �10 $
YZ+

X
0 $�p*OS¤3T¢$*8V8?+3/9) � p9OS+�8 0 $9p��R)�p*O?$*8

2X = {∅, {x1}, {x2}, X}
!�ºX8FO?+�8 0 $�pz�R)�p*O?$98�YZ+��Up�+�TW$98 » ¤3&?O �10 +�8

YZ$t'*) 2 YZ& 2 YZ$J+ 0 $�&S&?+y8Fx�$�p�YZ+3T 2 $98 x�$�p*OS$98 : � � � E � :  �� � E � : � �= E + :  �= E �*$�pUY�+($98X)�pU8�+\@3+3&S$98 � pUY �"0�2 T '9)U+
)�T¹+37"+3T{+3p*O?$cx�+3&?O?+3p 0 +{$�) pUsz$ 2 $ 0 $�p��R)�p*OS$U!{£ > � /�)�& 2 KZ! P�PBT5$*8ROS& 2 +�8FO?+y8 0 $9p��R)�p*O?$*8J&?+�x�&?+y8F+�p*O 2 Y�$98
0 $9T{$5x�$�p*OS$98�!
[]$�p�8 � YZ+3&S+3T{$*8 2 /�$9& 2 $ 0 $9p��R)�p*O?$�pU+36�)�7"$98?$

A = {(x1, 3/8), (x2, 6/8)}
�UT5$*8ROS& 2 YZ${p 2�> � /9)�& 2 K�! P9P�!

4 +y8ROS+ 0 $�pz�R)�p*O?$ ��$c+�7=+�T{+3p*O?$
x1
x�+3&?O?+�p 0 + 2 $ 0 $�p��R)�p*OS$

A
0 $�T /9& 2 ) YZ+ � p 0 7")U8Ssz$

µA(x1) = 3/8
� +�pZ�

'*) 2 p*OS$ '*)�+
x2
x�+3&?O?+3p 0 + 0 $�T¸/�& 2 )

µA(x2) = 6/8
!ª�¹'*)�+ 8?+3& �12 +3p*OSs�$ $ 0 $�p��R)�p*OS$ YZ+ÁOS$ZYZ$98³$98

8?)�6 0 $�p��R)Up9OS$98�p�+36U)�7=$*8F$*8�� � 8FO?$B¤���$ 0 $9p��R)�p*O?$³x�$�O?¼�p 0 �12 p�+�6�)�7"$98?$
F (2X)

G ºX8FO?+ 0 $9p��R)�p*O?$B¤t)�TÂ¡ � x�+�&F�
0 )U6�$�)�p � OD�z& � $

In = [0, 1]n
!���$�Y�$5${+y8Fx 2 r�${p�+ 0 +�8S8S�z& � $�x 2 & 2 &S+3xU&?+y8F+�p9O 2 &�/�+�$�T{+�OS& �1032 T{+3p*O?+ 0 $9p��R)�p*O?$*8

p�+�6�)�7"$98?$98Ix�$ZYZ+�8?+3&-Y�+��Up � YZ$;x�$�&
{X, In}

!B� +�8?x 2 r�$ � p*OS+3& � $9&JY�$ 0 )�6�$c¤�xU&?+�+3p 0 ¡ � YZ$cx�+�7=$ 0 $�p��R)�p*OS$
x�$zO?¼�p 0 �12 p�+36U)�7=$*8F$�YZ+

X
!

� x�$�p*O?$ 0 +3p*OS& 2 7 :
C
E YZ$ 0 )�6�$B¤5$ 0 $�p��R)Up9OS$ 0 $�TÂT 2 � $�&I/�& 2 )ÁYZ+�p�+36�)U7=$*8 � Y 2 Y�+���x�$9&S'*)�+tO?$ZYZ$*8\$*8

8?+3)U8t+37"+3T{+3p*O?$*8HOS+3T­/�& 2 ) YZ+ � p 0 7=)�8?s�$ � /9) 2 7 2
1/2
!¨ºX8FO?+Bx�$�p*OS$Á¤�O?$�O 2 7=T{+3p*OS+ � p 0 $9T5x 2 O&� » +�7 0 $9T 2

��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����
��! �����9� ��! ���9��� ��! ���9��� �U! �9����� �U! �9����� �U! �9�����
��!LK�uz�9� ��! ���9��� ��!LK���uz� �U! K9uz��� �U! K9uz��� �U! K9uz���
��!Luz���9� ��! ���9��� ��!LK�u���� �U! �*�*��P �U! u������ �U! u������
��!��zuz�9� ��! ���9��� ��!LK�u���� �U! u������ �U!L���9��� �U!L��uz���
 �! �����9� ��! ���9��� ��!LK�u���� �U! u������ �U!L��uz���  9! �9�����

� 2 6�+37 2 K�! K� I £ 4 � YZ+J© 2 /�+3&�x 2 & 2
k = 128
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Negacao de Yager

f(x)=x

k=0.5

k=0.75

k=1.0

k=2.0

k=5.0

> � /�)U& 2 KZ! P9K I%¬I&D��� 0 $98VT{$98FO?& 2 p�YZ$ 2 � p��U)U¼3p 0 �"2 YZ${x 2 &S½�T5+3O?&S$
k
p 2 |})�p�r3sz$�YZ+Hp�+�/ 2 r3sz$5YZ+J© 2 /9+3&y!

O?+�$�& �"2 YZ$*8 0 $9p��R)�p*O?$*8�O?& 2 Y �"0 � $9p 2 � 8��Ux�$9&S'*)�+H+�7=+ » � $�7 2 $98wx�& � p 0 �"x � $98wY 2 p�sz$ 0 $9p9OS& 2 Y � r3sz${+-Y 2 + ¿�0 7")U8Ssz$
YZ${T{+ � $�YZ+H£(& � 8FO?.�O?+�7=+y83! 4 +y8ROS+Hx�$9p*O?$5O?+�T5$*8w'*)�+

C = C ∩ C = C ∪ C = C
: K�! K*� E

«(T � p*O?+�&?+y8?8 2 p*OS+�| 2 OS$J¤V$Ix�$98 �"0 � $9p 2 T{+3p*OS$�&S+37 2 O �=» $\p�$J+�8?x 2 r�$�Y�$98 0 $9p��R)�p*O?$*8�&?+y8F)�7=O 2 p*O?+�8%Y 2I2 xU7 �1032 �
r3s�$HY 2 8%$9x�+�& 2 r���+�8%YZ+w)�p � s�$ � � p*O?+3& 0 +y8?8Ssz$ 2 )�T 0 $�p��R)Up9OS$J+(8F+�) 0 $�T{x�7"+3T{+3p*O?$�!�#%$9& + ¿ +3T{x�7"$ � 0 $�pU8 � YZ+3&S+$ 0 $9p��R)�p*O?$

A
290 � T 2 T5+�p 0 � $�p 2 YZ$�!X«\8 2 pUY�$ 2 8w$�x�+3& 2 r3��+�8�YZ+

max
�
min

x 2 & 2 � T{x�7"+3T{+�p9O 2 & 2 8w$�x�+3& 2 �
r���+y8�6U��8 �"0�2 8�8?$�6�&S+ 0 $�pz�R)�p*O?$98VOS+3T{$98w'*)�+J$*8 0 $�pz�R)�p*O?$98�&S+�8?)�7=O 2 p9OS+�8w8Ssz$

A = (3/8, 6/8)

A = (5/8, 2/8)

A ∪ A = (5/8, 6/8)

A ∩ A = (3/8, 2/8)

£ > � /9)�& 2 K�! P��{T5$*8ROS& 2{0 $�T{${+�8FO?+�8(x�$9p9OS$98(8?+HY � 8ROS& � 6�)�+�T¾p�$�+y8Fx 2 r�$�! ºX8FO?+�8(x�$9p9OS$98(8?+HT{$ » +�T¢+3T
8 � p 0 &?$9p �12 8F+ 2 | 2 8RO 2 pUYZ$ +3T Y � &?+yr3sz$ 2 $98 0 $9p��R)�p*O?$*8 0 7"�98?8 �"0 $98H$9) +3T~Y � &S+�r�sz$ 2 $Áx�$9p*O?$ 0 +3p*O?& 2 7]$�pUY�+
$ 0 $9&?&S+ 2 p�+36U)�7=$*8 � Y 2 YZ+ÁT�� ¿ � T 2 ! Q�+3/9)�pUYZ$ ��$98<��$�$ x�$�p*O?$ 0 +3p*OS& 2 7 0 $9&?&S+�8?x�$9pUYZ+ 2 $ 6�)�& 2�0 $�p�+�/�&S$
Y 2 7".�/ �"0�2 p�+�6�)�7"$98 2 �±$9pUYZ+�p 2 Y 2 ¤�Y � 8RO � p�/9) � » +37 :B'*)%+A'*) �  y���*K E ! 4 $¨x�$9p9OS$ 0 +3p*OS& 2 7%O?+3T{$*8H'9)U+�)�T 2
2 ��&?T 2 r�sz$c¤{+�'*) �"»�2 7=+�p*O?+ 2 8F) 2 p�+3/ 2 r3s�$U!5ºX8FO?+�x�$�p*O?$¨¤ 2 8?$�7")Ur3s�$³x 2 & 2 $*8Jx 2 & 2 YZ$ ¿ $*8�YZ$¨T{+�p9O � &S$98?$
YZ+³[]&S+�O 2 ��YZ$*8 0 $9p��R)�p*O?$*8HYZ+{O?$ZYZ$*8J$98 0 $9p��R)�p*O?$*8H'*)�+{pUsz$¨8Ssz$cT5+�Tt6�&S$98HY�+{8 � T{+�8?T{$98 �±+�O 0 ! 4 +�8FO?+�8
x 2 & 2 YZ$ ¿ $98HOS+3T{$98{'*)�+c)�T 2�2 �U&ST 2 r3s�$

A
� T{x�7 �1032

A
+

A
� T{x�7 �1032

A
! ºX7 2 8tOS+3T~$�T{+�8?T{$ /9& 2 ) YZ+
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ø=(0,0)

X=(1,1){x2}=(0,1)

{x1}=(1,0)

x1

x2

3/8

6/8
A=(3/8; 6/8)

C=(1/2, 1/2)

> � /�)U& 2 KZ! P�PJI�[]$9p��R)�p*O?$*8wvw+3xU&?+y8F+�p9O 2 YZ$*8 0 $�T{${x�$9p*O?$98�!

ø=(0,0)

X=(1,1){x2}=(0,1)

{x1}=(1,0)

x1

x2

3/8

6/8
A

5/8

2/8
AA A

A A

> � /�)�& 2 KZ! Pz�JI%#�& � p 0 �"x � $98wYZ+-£\& � 8ROS.zOS+37"+�8�p�${ºX8?x 2 r3$U!

» +�&SY 2 YZ+I+Hx�$9&FO 2 p*O?$5x�$�Y�+3T¾8?+3&w+�p*O?+3p�Y � Y 2 8 0 $9T{$
V (A) = V (A)

V (A) = 1 − V (A)

V (A) = 1/2

£ 0�2 &DY � p 2 7 � Y 2 YZ+HYZ+t)UT 0 $�p��R)�p*OS$ 0 71��8S8 �10 $ 0 $�p*O 2 '*) 2 p9OS$98w+�7=+�T{+3p*O?$*8(x�+3&?O?+3p 0 +3T 2 +�8FO?+ 0 $�pz�R)�p*O?$U!# 2 & 2{0 $�pz�R)�p*O?$98�pU+36�)�7"$98?$98 2 YZ+��Up � r3s�$�K�!= �u-T{$*8ROS& 2 '*)�+ 2�032 &SY � p 2 7 � Y 2 Y�+IYZ+H)UT 0 $9p��R)�p*O?${p�+�6�)�7"$98?${¤
2 8?$�T 2 YZ$*8�/�& 2 )�8 YZ+ � p 0 7")U8Ssz$-YZ+ 032 Y 2 )�TÀYZ$98X+37"+3T{+3p*O?$*8�YZ$ 0 $�p��R)Up9OS$U!%£ 0�2 &DY � p 2 7 � Y 2 YZ+(YZ$ 0 $�p��R)�p*OS$
A = (3/8, 6/8)

¤ � /9) 2 7 2
|A| = 3/8 + 6/8 = 9/8

!5£ T{+yY � Y 2 Y 2;032 &DY � p 2 7 � Y 2 YZ+�O 2 Tt6�¤3T OS+3T¹)�T 2
� p9OS+3&Sx�&S+�O 2 r3s�$B/�+�$�T{¤�OS& �1032c0 $9pU8 � 8FO?+�p9OS+�!5º�7 2 ¤ � /�) 2 7 2 $³O 2 T 2 p�¡�$¨YZ$ » +3O?$9&J'*)�+ 0 $�T{+�r 2 p 2 $9& � /�+�T +
O?+�&?T � p 2 p�$ 0 $9p��R)�p*O?$

A
� 0 $9T5$5+�8FOS� � 7=)�8ROS& 2 YZ${p 2{> � /�)U& 2 KZ! P9u�!

# 2 & 2{0 $�T{x�&S$ »�2 &�+�8FO 2 � p*O?+�&?x�&S+�O 2 r�sz$ »�2 T{$98 0 $�pU8 � YZ+3& 2 & 2 |}.9&?T�)�7 2 YZ+�§ � p���$.�(8<�*ABx 2 & 2{032 7 0 )U7 2 & 2
Y � 8ROD½zp 0 �"2 +�p9OS&?+HYZ$ � 8�x�$�p*OS$98

P = (p1, p2, . . . , pn)
+

Q = (q1, q2, . . . , qn)
¤-Y 2 Y 2 x�$�&

d(P, Q) = (

n
∑

i=1

|pi − qi|
t)

1

t
: KZ!LKz� E
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ø=(0,0)

X=(1,1){x2}=(0,1)

{x1}=(1,0)

x1

x2

3/8

6/8
A=(3/8; 6/8)

|A|

> � /9)�& 2 KZ! P9u IX[ 2 &DY � p 2 7 � Y 2 YZ+ 0 $�T{$ � +�OS$�&y!

$�p�YZ+
n
¤�$¨pQD�T{+3&S$¨YZ+ 0 $�$9&SYZ+�p 2 Y 2 8IYZ$¨x�$9p*O?$;+

t
¤�$;O � x�$ÁYZ+�Y � 8FOS½zp 0 �12c2 8?+3& 0�2 7 0 )�7 2 Y 2 ! 3�) 2 p�YZ$

t = 1
OS+3T{$98 2 Y � 8FOS½zp 0 �12 Y�+�§ 2 p�¡ 2 OFO 2 p�+{x 2 & 2

t = 2
O?+�T{$98 2 Y � 8ROD½zp 0 �"2 º�) 0 7 � YZ+ 2 p 2 !B£ÀY � 8ROD½zp 0 �"2

YZ+;§ 2 pU¡ 2 O?O 2 p�x�$ZYZ+cO 2 Tt6�¤3T~8?+3& 0 ¡ 2 T 2 Y 2 Y�+cY � 8FOS½zp 0 �12 YZ+;M 2 T{T � p�/ p�+36U)�7=$*8 2 ! £¾Y � 8FOS½�p 0 �12 Y�+
M 2 T{T � p�/{p�+�6�)�7"$98 2 +�p*O?&S+�)�T 0 $9p��R)�p*O?$

A = (x1, µ(x1)), (x2, µ(x2)), . . . , (xn, µ(xn))
+ 2 $9& � /�+�T �*$9)

$ 0 $9p��R)�p*O?$ »�2 @ � $ :
O = 0, 0, . . . , 0

+-Y 2 Y 2 x�$9&

d(A, O) =
n

∑

i

|µA(xi) − 0|

d(A, O) =

n
∑

i

|µA(xi)|

d(A, O) = |A|
: K�! K�� E



�9� � ���`� ��� � ���R� � � 	�	
	 	���� � � � ����	 � ���



� �������	��

� �

� ����� ��� � � � �w�
� � ��� �
� � � ����� ��� � �

� ��������
 � �
�

; ��� 	�
i�G� ��@4!
�����
«(T 2 &S+37 2 r�sz$ � T5xU7 �1032 +�T¹)�T 2Á2 8?8?$ 0 �12 r�sz$c+3p*O?&S+�+37"+3T{+3p*OS$98tY�+BY � |}+3&S+3p*O?+y8 0 $9p��R)�p*O?$*83!¨Q�+�$¨/9& 2 )�Y�+
2 8S8?$ 0 �"2 r3s�$B+3p*OS&?+�$*8J+37"+3T{+3p*O?$*8H¤��;$�)  {+3p*ODsz$cO?+�T5$*8H)�T 2 &S+37 2 r3s�$ 0 7"�98?8 �1032 !³[ 2 8F$;+y8ROS+�/�& 2 ) x�$*8?8 2»�2 & �"2 &�+3p*O?&S+H��+� ��O?+�T5$*8�)�T 2 &?+�7 2 r3s�$tp�+�6�)�7"$98 2 !
£ &?+�7 2 r3sz$B+3p*O?&S+�$*8\+�7=+�T{+3p*O?$*8�x�$ZYZ+{8F+{YZ+ » +3& 2 )UT 2 x�&S$�x�& � +�Y 2 YZ+ 0 $�Tt)UT � )UT 2 '*) 2 7 � Y 2 YZ+ ��)�T 2

&S+3/�& 2 �V+�O 0 ! «\T 2 8F+�p*O?+3p�r 2 O 2 7 0 $�T{$ <
x
¤ T 2 � $9&B'*)�+

y
C � pUY �"0�2 )�T 2 &S+37 2 r�sz$�+3p*O?&S+ YZ$ � 8 »�2 7"$�&S+�8�!

��6U8?+3& »�2 &�'*)�+ 2 $�&DYZ+3T�+3p*O?&S+;$98{+37"+3T{+�p9OS$98�¤ � T{x�$9&FO 2 p*O?+9! #%$�&�+ ¿ +�T{x�7=$ � < +�8FO 2 |})�p�r3sz$�¤¨)�T¸YZ$*8
0 $9T{x�$9p�+3p*O?+y8wYZ${x�&S$�/�& 2 T 2�C ��8F$9T{+3p*O?+ »�2 7"+Jp�+�8FO 2 $�&DYZ+�Tc!
«(T 2 &?+�7 2 r3s�$�YZ$�O � x�$ < $�&S+�8 � 8ROS$�&�¤V)UT YZ$98 0 $�T{x�$9p�+3p*OS+�8%YZ$I&S�9Y � $ C x�$ZYZ+w8?+3& 8?)�6U8FO � O?) �1Y 2 x�+�7 2 &S+3/�& 2

< 8F+5$;$�6Z�R+3O?$c¤5)UT &?+y8 � 8FO?$�&I+3p*ODsz$c+37"+5¤ 0 $�T{x�$9p�+3p*OS+5YZ$;&D��Y � $ C !73�) 2 pUYZ$cYZ$ � 8J+37"+3T{+3p*OS$98Ix�+�&FOS+3p 0 +3T2 )�T 2 &S+37 2 r�sz$
R
�]p�.985p�$*85&?+3|}+3&S+3p 0 �"2 T5$*8 2 +�7=+y8 0 $�T{$ $ x 2 &{$�&DYZ+3p 2 YZ$

(a, b) ∈ R
�X$�)

aRb
� 0 $�T

$�+37"+3T{+3p*OS$
a
8F+�pUYZ$�$ xU& � T5+ � &S$�+;$ +�7=+�T{+3p*O?$

b
8?+3p�YZ$�$�8?+3/9)�pUYZ$�! «\T 2 &S+37 2 r�sz$ YZ+

n
+�7=+�T5+�p*O?$98

¤ 0 ¡ 2 T 2 Y�$ YZ+c)�T 2 &S+37 2 r3s�$
n
�q�z& �"2 ��+ 2 2 8?8?$ 0 �12 r�sz$ÁYZ+y8ROS+�8

n
+37"+3T{+3p*OS$98�p 2 &S+37 2 r�sz$Á¤c)�T 2 pZ��)�x�7 2 !

«(T 2 &S+37 2 r3s�$�¤�'*) 2 71'*)�+3& 0 $9p��R)�p*O?$;YZ+{pZ��)�x�7 2 8I$�&DYZ+3p 2 Y 2 83!-vw+�7 2 r���+�8I8Ssz$�|}$9&?T 2 Y 2 8IYZ+ 0 $9p��R)�p*O?$*8IY�+
+37"+3T{+�p9OS$98�+J+37 2 8w8Ssz${+�TW8 � T5+y8FT 2 8 0 $�pz�R)�p*O?$98�!
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����yb9��hyb�k����U� �
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R ∪ S = S ∪ R
�
R ∩ S = S ∩ R
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R ∪ (S ∪ T ) = (R ∪ S) ∪ T
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R ∩ (S ∩ T ) = (R ∩ S) ∩ T
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�����������������#�'*% � ��2���������� � ��� ,-2�'*� ���
Q�+F� 2 T

R
+

S
Y�) 2 8]&?+�7 2 r���+�8Xp�+36U)�7=$*8 2 8�p�$�)�p �"» +�&S8?$5[ 2 &?O?+y8 �12 pU$U!�#�$ZYZ+�T{$98VYZ+��Up � & 2 8V8F+�/�) � p*O?+y8X$9x�+�& 2 �

r���+y8�+3p*O?&S+J&?+�7 2 r���+�8Vp�+�6�)�7"$98 2 8�I
�c��el��� �

R ∪ S → µR∪S = µR(x, y) ∨ µS(x, y)


����yb9��hyb������ �
R ∩ S → µR∩S = µR(x, y) ∧ µS(x, y)

²�� � "�°lb � b*���y� �
R → µR(x, y) = 1 − µR(x, y)

²������ ��� �
R ⊂ S → µR(x, y) ≤ µS(x, y)


���b�����ef��m���b��
∅ → O

+
X → E

# 2 & 2 +y8RO 2 8�$9x�+�& 2 r���+�8 0 $9T¢&S+37 2 r���+y8V'*)�+ 29032 6 2 & 2 TÀYZ+��Up � Y 2 8 »�2 7"+3T 2 8w8?+3/9) � p*OS+�8Vx�&S$�x�& � +yY 2 Y�+�8�I
²�� � ����mZ�ye �±ef��m���b��

R ∪ S = S ∪ R
�
R ∩ S = S ∩ R

�Bhyhy�±k�elmZ��e �±ef��m���b��
R ∪ (S ∪ T ) = (R ∪ S) ∪ T

�
R ∩ (S ∩ T ) = (R ∩ S) ∩ T

`cefh��3��e}µ%���ye �±el��m���b��
R ∪ (S ∩ T ) = (R ∪ S) ∩ (R ∪ T )

�
R ∩ (S ∪ T ) = (R ∩ S) ∪ (R ∩ T )


�� ����°l���9��� �
R = R


���b�� "X��� ����k9efm �
A ∪ A = A, A ∩ A = A


���b�����ef��m���b��
A ∪ ∅ = A, A ∩ X = A, A ∩ ∅ = ∅, A ∪ X = X

[]$�T{$ 2�0 $9p*O?+ 0 + 0 $9TÂ$98 0 $�p��R)Up9OS$98�p�+36U)�7=$*8F$*8�� 2 8�&S+37 2 r���+y8wp�+36U)�7=$*8 2 8wO 2 Tt6�¤3T p�sz$�$96�+yYZ+ 0 +3T 2 8\7=+ � 8
Y 2 + ¿Z0 7=)�8?s�$ÁYZ$¨T{+ � $Á+ 0 $9p9OS& 2 Y � r3sz$ �Z�F�Á'*)�+�x�$ZYZ+3T{$*8JO?+�&�8?$�6�&S+3x�$98 � r�sz$c+3p*O?&S+�)�T 2 &S+37 2 r�sz$c+�$Á8F+�)
0 $9T{x�7=+�T{+3p*O?$�! ��+�8FO?+HT{$ZYZ$5O?+�T{$98('*)�+

R ∩ R 6= E
: P�!LKz� E

+
R ∪ R 6= O

: P�!LKz� E
��� b � "�°l� ® #f� � �
Q�)�x�$�pU¡ 2 '*)�+�p�.*8�O?+�T5$*8 2 8 YZ) 2 8�&?+�7 2 r���+�8 :

R
+

S
E � pUY �1032 Y 2 8�p 2 8�� 2 6�+37 2 8%PU! P9�\+wP�! P� 9!%� xU&?$96�7=+�T 2

¤ 032 7 0 )�7 2 & 2 «\p � s�${+Ioqp*OS+3&D8F+yr3sz$�+3p*O?&S+I+�8FO 2 8�&S+37 2 r3��+�8�!�oR8FO?$5¤���8?+
R
0 $9&?&S+�8?x�$9pUYZ+ O &S+37 2 r�sz$

x
¤ � /�) 2 7 2

y
+

S
O &?+�7 2 r3s�$

x
¤�T 2 � $9&I'*)�+

y
��'*)�+�&?+�T{$98($96ZO?+�&

R
⋃

S,
'9)U+�8 � /9p � � 032

x
¤ � /�) 2 7 2

y
$�)

x
¤tT 2 � $�&

'*)�+
y
+

R
⋂

S
�*'*)�+\8 � /�p � � 032

x
¤ � /�) 2 7 2

y
+

x
¤(T 2 � $�&V'9)U+

y
! ��+ » +3T{$98�O?$9T 2 & 0 ) � Y 2 YZ$ 0 $�T 2 7"/�)�T 2 8



�?���?� � � � �s��� � � � � ������	 � ��� u�P
YZ+y8RO 2 8-$9x�+�& 2 r���+�8-x�$ � 8�+37 2 8tx�$ZYZ+�T &S+�8?)�7=O 2 &-+3T Y 2 YZ$98�'9)U+BpUs�$¨O?+�T­8 � /�p � � 032 YZ$Á8?+3T�½zp*O �10 $ YZ+B&S+ 2 78 � /9p � � 032 Y�$U! 4 $ 032 8F$tO?+�T5$*8w'*)�+H$�&S+�8?)�7=O 2 YZ$5Y 2 $9x�+�& 2 r3s�$�YZ+ � p*O?+3&D8?+�r3s�$tx�$ZYZ+-8F+�& � p*O?+�&?xU&?+3O 2 Y�$ 0 $�T{$
x
¤ � /�) 2 7 2

y
+3T 0 +3&?O 2 T{+�Y � Y 2 +JO 2 Tt6�¤3T¢T 2 � $�&('*)�+

y
+3T 0 +3&?O?${/�& 2 )±!

R (x é igual a y) =





















1 2 3 4 5 6
1 1.0 0.8 0.6 0.4 0.2 0.0
2 0.8 1.0 0.8 0.6 0.4 0.2
3 0.6 0.8 1.0 0.8 0.6 0.4
4 0.4 0.6 0.8 1.0 0.8 0.6
5 0.2 0.4 0.6 0.8 1.0 0.8
6 0.0 0.2 0.4 0.6 0.8 1.0





















: P�! P�� E

S (x é maior que y) =





















1 2 3 4 5 6
1 0.0 0.0 0.0 0.0 0.0 0.0
2 0.2 0.0 0.0 0.0 0.0 0.0
3 0.4 0.2 0.0 0.0 0.0 0.0
4 0.6 0.4 0.2 0.0 0.0 0.0
5 0.8 0.6 0.4 0.2 0.0 0.0
6 1.0 0.8 0.6 0.4 0.2 0.0





















: P�! P� E

£¦)�p � s�$BY 2 8\&?+�7 2 r���+�8
R
+

S
¤H|}$9&?T 2 Y 2 +�8 0 $97=¡�+�pUYZ$���8?+H$�T 2 � $�& »�2 7=$9&\YZ$98�YZ$ � 8(/9& 2 )U8(YZ+ � p 0 7=)�8?s�$

p 2 8\&S+37 2 r3�*+y8(+ 2 � p*O?+3&D8?+�r3s�$ 2 x 2 &?O � &�YZ$*8\T{+3pU$�&S+�8 »�2 7=$9&?+y8���$�6ZOS+3pUY�$z�q8F+�$98�&?+y8F)�7=O 2 YZ$98\T{$98FO?& 2 YZ$*8(p 2 8
T 2 OS& � @3+y8wP�! P9Kt+JPU! P9P�!

R ∪ S [(x igual y) OU (x maior y)] =





















1 2 3 4 5 6
1 1.0 0.8 0.6 0.4 0.2 0.0
2 0.8 1.0 0.8 0.6 0.4 0.2
3 0.6 0.8 1.0 0.8 0.6 0.4
4 0.6 0.6 0.8 1.0 0.8 0.6
5 0.8 0.6 0.6 0.8 1.0 0.8
6 1.0 0.8 0.6 0.6 0.8 1.0





















: P�! P9K E

R ∩ S [(x igual y) E (x maior y)] =





















1 2 3 4 5 6
1 0.0 0.0 0.0 0.0 0.0 0.0
2 0.2 0.0 0.0 0.0 0.0 0.0
3 0.4 0.2 0.0 0.0 0.0 0.0
4 0.4 0.4 0.2 0.0 0.0 0.0
5 0.2 0.4 0.4 0.2 0.0 0.0
6 0.0 0.2 0.4 0.4 0.2 0.0





















: P�! P�P E

	��
	���� &('*% ��'*�"!�� ��' �-����� 23� ������� � ����,�23'*� � �
Q�)�x�$�pU¡ 2 '*)�+;+ ¿ � 8FO 2 )�T 2 &S+37 2 r�sz$

R
p�+�6�)�7"$98 2 '*)�+cT 2 x�+ �12 +�7=+�T{+3p*O?$*85Y�+c)UT )�p �"» +3&D8?$

X
+�T~)�T

)�p �"» +�&S8?$
Y
��+³)UT 2 $�)ZOS& 2 &?+�7 2 r3s�$Áp�+36U)�7=$*8 2

S
'*)�+cT 2 x�+ �"2 +37"+3T{+�p9OS$985YZ$ )Up �=» +3&D8F$

Y
p�$ )�p �"» +�&S8?$

Z..
[]$�T{x�$98 � r�sz${¤ 2 &S+37 2 r�sz$�'*)�+tT 2 x�+ �"2 $*8wT{+�8?T{$98(+�7=+�T{+3p*O?$*8\YZ+

X
pU$98(T{+y8FT{$98\+37"+3T{+3p*OS$98\Y�+

Z
!

vw+�7 2 r���+�8�p�+36U)�7=$*8 2 8-x�$ZYZ+3T~8?+3& 0 $9T5x�$98FO 2 8t+�p*O?&S+³8 � x 2 & 2 |}$�&ST 2 &5)�T 2 $�)�O?& 2 &S+37 2 r3s�$ YZ+cY � |}+�&?+�p*O?+�8
T 2 p�+ � & 2 8�!�£ $�x�+3& 2 r�sz$Jx�& � p 0 � x 2 7U'*) 2 pUYZ$H+�8FO 2 6�+�7=+ 0 +�T5$*8 0 $9T{x�$*8 � r���+�8�¤ 032 7 0 )�7 2 &�$98�/�& 2 )U8�Y�+ � p 0 7")U8?s�$
p 2 &S+37 2 r3s�$�+�p*O?&S+I$*8�+37"+3T{+3p*OS$98wYZ+

X
+-YZ+

Z
!

® #"® # � #f� ²���� "X��h�el����� 	 m � � 	 ef�
£	$�x�+3& 2 r3s�$tYZ+ 0 $9T{x�$*8 � r3s�$tYZ+JYZ) 2 8V&S+37 2 r3�*+y8�p�+�6�)�7"$98 2 8]$�6ZO � Y 2�2 x 2 &?O � &�Y 2 8V$�x�+3& 2 r3��+�8XY�+�T 2�¿ :

∨
E +

T � p :
∧
E ¤�T 2 p�+ � & 2 T 2 � 8 0 $9Tt)�TÀYZ+I8F+�$�6ZOS+3& 0 $9T5x�$98 � r3sz$�!�£ 0 $9T5x�$98 � r3sz$�Y 2 8]&?+�7 2 r���+�8

R
+

S
:
R ◦S

E
¤H)�T 2 p�$ »�2 &?+�7 2 r3sz$�p�${x�&S$�Y�)ZO?$³[ 2 &FOS+�8 �"2 p�$

X × Z
Y�+��Up � Y 2 x�+37 2 |}.�&STt)�7 2

R ◦ S =
∑

X×Z

∨

y

[µR(x, y) ∧ µS(y, z)]/(x, z)
: PU! P�� E
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��� � � �
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◦
8 � /�p � � 0�2(2\0 $�T{x�$*8 � r3s�$(Y 2 8�&S+37 2 r���+y8

R
+

S
!	3�) 2 p�YZ$($\xU&?$ZYZ)ZOS$J[ 2 &FOS+�8 �"2 p�$(¤]Y � 8 0 &S+�OS$$�8 �"Tt6�$�7"$�YZ+H)�p � sz${x�$ZYZ+H8F+�&(8F)�6�8RO � OS) �"Y�$�x�+�7 2 8?$�T 2 + 2 |}.9&?T�)�7 2 � 0�2

R ◦ S =
∑

X×Z

∨

y

[µR(x, y) ∧ µS(y, z)]/(x, z)
: PU! P*u E

Y 2 |}.�&STt)�7 2B290 � T 2 x�$�Y�+3T{$98 » +�& � � 0�2 &�'*)�+ 2 |})�pUr3s�$cY�+ � p 0 7")U8Ssz$;YZ+ 032 Y 2 x 2 &IYZ+{+�7=+�T5+�p*O?$98�p 2 p�$ »�2
&S+37 2 r3s�$ »�2 7=+

µR◦S(x, z) =
∨

y

[µR(x, y) ∧ µS(y, z)].
: P�! P�� E

£À$9x�+�& 2 r3sz$¨YZ+ 0 �z7 0 )U7=$ÁYZ$*8H/�& 2 )�8HY 2 � p 0 7")U8Ssz$ÁYZ$*8-+37"+3T{+�p9OS$98Hp 2 &?+�7 2 r3sz$;¤ 0�2 7 0 )�7 2 Y�$ÁYZ+�|}$�&ST 2
8 � T � 7 2 & 2 )�T 2 Tt)�7=O � x�7 �"0�2 r3s�$�YZ+HT 2 OS& � @3+y8�$�pUYZ+ 2 $9x�+�& 2 r3s�$5YZ+HT �"p � T5$ 0 $�&S&S+�8?x�$9pUYZ+ 2 Tt)�7=O � x�7 �"0�2 r3s�$
+ 2 YZ+JT�� ¿ � T{$ 2 8F$9T 2 !%ºX8FO?+JO � x�$�YZ+J$�x�+3& 2 r3s�$t¤H7 2 &S/ 2 T5+�p*O?+I+3T{x�&S+3/ 2 Y 2 +�T 2 x�7 �1032 r���+�8�YZ+ 0 $�p*O?&S$�7"+
'*)�+J)U8 2 TW7".�/ �"0�2 pU+36�)�7"$98 2 !

��� b � "�°l� ® #f� � �
� 2 T{$*8 0 $�p�8 � YZ+3& 2 & 2 8wYZ) 2 8(&?+�7 2 r���+�8

R
+

S
T{$98FO?& 2 Y 2 8Vp 2�> � /9)�& 2 PU! � � 0 )�� 2 8wT 2 O?& � @3+�8wY�+ � p 0 7=)�8?s�$

8Ssz$¨T{$98FO?& 2 Y 2 8Jp 2 8-T 2 O?& � @�+�8-PU! P��³+BP�! P��U!B# 2 & 2 +3p 0 $�p*OS& 2 & 2Á0 $9T5x�$98 � r3sz$¨Y 2 8H&S+37 2 r���+y8
T = R ◦ S

�»�2 T{$98�+3T{x�&S+3/ 2 & 2 |}.�&STt)�7 2 T 2�¿ ��T � p�YZ+ 0 $�T{x�$*8 � r3s�$ : P�! P�� E x 2 & 2 +3p 0 $�p*O?& 2 & 2 T 2 O?& � @\Y�+ � p 0 7=)�8?s�$-'9)U+
&S+3x�&S+�8?+3p*O 252 &?+�7 2 r3s�$

T
!

£\8�T 2 O?& � @�+�8
R
+

S
8?s�$ 2 8�8F+�/�) � p*O?+�8�I

R =









µR(x1, y1) µR(x1, y2) µR(x1, y3)
µR(x2, y1) µR(x2, y2) µR(x2, y3)
µR(x3, y1) µR(x3, y2) µR(x3, y3)
µR(x4, y1) µR(x4, y2) µR(x4, y3)









=









1.0 0.8 0.6
0.8 1.0 0.8
0.6 0.8 1.0
0.4 0.6 0.8









: P�! P*� E

+

S =





µS(y1, z1) µS(y1, z2) µS(y1, z3) µS(y1, z4)
µS(y2, z1) µS(y2, z2) µS(y2, z3) µS(y2, z4)
µS(y3, z1) µS(y3, z2) µS(y3, z3) µS(y3, z4)



 =





1.0 0.8 0.6 0.4
0.8 1.0 0.8 0.6
0.6 0.8 1.0 0.8





: P�! P�� E

1.0

0.8

0.6

0.8

1.0

0.8

1.0

0.8
0.6

0.8

0.60.4

1.0

0.8

0.6
0.4

0.8
1.0

0.8

0.6

1.0

0.8

0.8
0.6

x1

x2

x3

x4

y1

y2

y3

z1

z2

z3

z4

> � /9)�& 2 P�! � I vw+�7 2 r���+�8
R
+

S
!
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£ 0 $9T5x�$98 � r3sz${YZ+y8RO 2 8wYZ) 2 8�&?+�7 2 r���+�8 � 0�2 � /9) 2 7 +�p9ODsz$ 2

T = R ◦ S =









1.0 0.8 0.8 0.6
0.8 1.0 0.8 0.8
0.8 0.8 1.0 0.8
0.6 0.8 0.8 0.8









: P�! P�� E

+H$�Y �12 /�& 2 T 2�0 $�&S&S+�8?x�$9pUYZ+3p*OS+ 2 +�8FO 2 &S+37 2 r�sz$5+�8FOS�5T{$98FO?& 2 YZ$5p 2{> � /9)�& 2

x1

x2

x3

x4

z1

z2

z3

z4

1.0

0.8
0.8

0.6

0.8
1.0

0.8
0.8

0.8
0.8

1.0
0.8

0.6 0.8

0.8
0.8

> � /�)�& 2 P�!" �� I � �"2 /�& 2 T 2 Y 2 &S+37 2 r�sz$
T

® #"® # � #1_ ²���� "X��h�el����� 	 j � e � � � ! �����������
4 +y8ROS+�O � x�$ YZ+ 0 $�T{x�$98 � r�sz$ 2 $�x�+3& 2 r�sz$¨YZ+�x�&S$ZYZ)ZOS$ 8F)U6U8RO � OS) �]2 |})�pUr3s�$ÁYZ+�T �"p � T{$�! �\+y8ROS+�T{$�Y�$ 2
+�'*) 2 r3s�$5YZ+ 0 $�T{x�$98 � r�sz$ � 032

R · S =

∫

X×Z

∨

y

[µR(x, y) · µS(y, z)]/(x, z)
: PU! �*� E

# 2 & 2 )Up �=» +3&D8F$*8�Y � 8 0 &S+�OS$98I$c8 � p 2 7�YZ+ � p*O?+3/9& 2 r3s�$�¤�8F)�6�8RO � OS) �"Y�$cx�+37"$¨8 � p 2 7%Y�+{8?$�T 2 O?.�& � $U!5� »�2 7=$9&IY 2
|})�pUr�sz$�YZ+ � p 0 7")U8Ssz${Y 2 &S+37 2 r3s�$�YZ+ 0 $�T{x�$98 � r�sz$ »�2 7=+

µR◦S(x, z) =
∨

y

[µR(x, y) · µS(y, z)]
: P�! �U E
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4\2¨0 $�T{x�$98 � r�sz$cT{� ¿ � T{$z��T{¤�Y �12c2 $9x�+�& 2 r3s�$cYZ+�T �"p � T5$¨¤�8?)�6U8FO � O?)��"YZ$¨x�+37 2 T{¤�Y �12¨2 & � OST{¤�O �1032;0 $�T{$
+�8FOS� � pUY �1032 YZ${p 2 |}.�&STt)�7 2 P�!" �� 2 6 2 � ¿ $

R < + > S =

∫

X×Z

∨

y

{
1

2
[µR(x, y) + µS(y, z)]}/(x, z)

: PU! ��K E
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# 2 & 2 YZ+�8 0 &S+ » +3& 2 T{+�Y � Y 2 YZ+H)UTW|}+�pM��T{+3pU$�YZ$�Tt)�p�YZ$�&?+ 2 7 � 0 $9T{$ 2 | 2 � ¿�2 YZ+H&S+3p�Y 2 YZ+H)�T 2 | 2 T �"7 �12 �
x�&S+ 0 � 8 2 T{$98�YZ+V�R)�p*O 2 & » �z& � $98 0 $9p��R)�p*O?$*8�p�+36�)U7=$*8F$*83!
#%$�&{+ ¿ +�T5xU7=$ ��x 2 & 2 2 &S+3pUY 2 Y 2 | 2 T �"7 �12 O?+�&&� 2 T{$985YZ+¨YZ+��Up � &5$*8 0 $�pz�R)�p*O?$9856 2 � ¿�2 ��T{¤�Y �12 + 2 7 O 2

&S+3pUY 2 83!5¤ � T5x�$�&?O 2 p*O?+{p�$zO 2 &H'*)�+ 2 8HYZ+��Up � r���+�8HY�$98 0 $9p��R)�p*O?$*8Jx�$ZYZ+�T¹8?+�8F$96�&?+�x�$9& � x�+3&ST � O � p�YZ$¨'9)U+)�T 2 | 2 T �"7 �12 8F+F� 250 7 2 8?8 � � 032 Y 2�0 $�T{${x�+�&FOS+3p 0 +3p*O?+ 2 YZ$ � 8 0 $�p��R)�p*OS$98 � 0 $�TW/�& 2 )U8�YZ+ � p 0 7")U8Ssz${Y � |}+�&?+�p*O?+�8
$�) T{+y8FT{$ � /�) 2 � 8�!¨ºX8FO?+³x�&?$ 0 +�8S8F$ÁYZ+³YZ+��Up � r�sz$ � p 0 7") � +�8 0 $97=¡�+�& 2 8-|}$�&ST 2 8-Y 2 8H|})�p�r���+�8�YZ+ � p 0 7")U8Ssz$ �
� 8ROS$B¤ 2 8F+�T�½zp*O �1032 Y�$ 0 $9p��R)�p*O?$�!H��)�O?&S$�x�$9p*O?$ � T{x�$9&FO 2 p*O?+�¤�YZ+��Up � r3s�$³YZ$c«(p �"» +�&S8?$BYZ+ � � 8 0 )�&D8F$BY 2»�2 & � � » +37�!
«(T 2t» +3@I'*)�+ 0�2 Y 2t0 $�pz�R)�p*O?$t+ 2 8?) 2 |}$�&ST 2 8F+F� 2 YZ+��Up � Y 2 O?+3T{$*8 2 YZ+��Up � r�sz$ 0 $�T{x�7"+�O 2 Y 2t»�2 & � � » +�7

p�+�6�)�7"$98 2 !
� 2 T{$*8 0 $9pU8 � YZ+�& 2 &()�TÂ$�)ZOS&?$B+ ¿ +3T{x�7"$U!(£ »�2 & � � » +�7±p�+�6�)�7"$98 2 O?+3T{x�+3& 2 OS)�& 2 :

T
E x�$ZYZ+�8?+3&IYZ+���p � Y 2

0 $9T{$5$ 0 $�p��R)�p*OS${Y�+JO?+3&ST{$98
T = {gelado, frio, normal, morno, quente}

+ 0�2 Y 2 )�T YZ+�8FO?+y8 OS+3&ST5$*8��9'9)U+(¤w)�T 0 $�pz�R)�p*O?$-p�+�6�)�7"$98?$ ��OS+3T 2 8?) 2 |})�pUr�sz$-YZ+ � p 0 7=)U8Ssz$HYZ+��Up � Y 2-0 $�T{$
� pUY �1032 Y�$5p 25> � /�)�& 2 �U!" �!

gelado
frio

normal

morno

quente

0

1

-30 +100

> � /�)U& 2 �U!" I�� 2 & � � » +�7�pU+36�)�7"$98 2 O?+3T{x�+3& 2 OS)�& 2 !

`cb9d%��ef���U� ¶ #l� 
HmZ��efj���b�° ´¨b*µ%��°l��hym � � > .�O�.�/98BpAO  V �! k � Vb2 " . Y 1  _^`� 8B1�.`,  V]. e � p�1�/ � ,oV]. �
{X, R, U, M}2 � 1  �

u*�
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X
¤J$�p�$9T{+J8 � Tt6�.�7 �"0 ${Y 2�»�2 & � � » +�7 ��x�$�&w+ ¿ +�T5xU7=$ �

idade;

R
¤�$ 0 $9p��R)�p*O?$(Y�+�&?.�O?)�7"$98 � � 8FO?$w¤ $ 0 $9p��R)�p*O?$(Y�+�p�$�T{+y8±Y 2�»�2 & � � » +37

idade
�yx�$9&±+ ¿ +�T5xU7=$NI

{novo, velho, meia−
idade}

U
¤H$�«\p �=» +3&D8F${YZ+ � � 8 0 )U&S8?$58?$�6U&?+J$�'*) 2 7 25»�2 & � � » +37�+�8FOS�{YZ+��Up � Y 2 �Ux�$9&w+ ¿ +3T{x�7"$ ��� 2 OS¤{ yuz���

M
8Ssz$ 2 8V&S+3/9& 2 8V8?+3T�½�p9O �"0�2 8�'*)�+ � p�Y �"0�2 T¾${8 � /�p � � 032 YZ${YZ+ 032 Y 2 &?.�O?)�7"$�+�T

R

��� b � "�°l� ¶ #l��� � []$�pU8 � YZ+3&S+t$³+ ¿ +3T{x�7"$cY 2³0 7 2 8?8 � � 032 r�sz$�YZ$*8\6�$�p�8 2 7=)Up�$98�! � 2 T{$98 2 /9$�& 2 | 2 @�+3&I)�T 20 7 2 8S8 � � 0�2 r�sz$�'*)�+H+�pU'*) 2 Y�&?+�O?$ZYZ$*8�$98 2 7")�p�$*83!4 +y8ROS+ 0�2 8?$�OS+3&S+3T{$98�+3p*OSs�$ 2³»�2 & � � » +37�p�+36�)U7=$*8 2
X = alunos

!�� 0 $9p��R)�p*O?$cYZ+5O?+3&ST{$98�$�) &?.�O?)�7"$98
Y 25»�2 & � � » +37 2 7")�p�$*8�¤ 0 $�T{x�$98FO?${x�+37"$98w8?+3/�) � p*O?+y8VO?+�&?T{$98

R = {péssimos, ruins, médios, bons, excelentes}� «\p �=» +3&D8F$cYZ+ � � 8 0 )�&D8F$c8F$96�&S+�$;'*) 2 7
X
¤{YZ+��Up � YZ$;+�8FOS�³+3p*O?&S+5�³+c ��³+ 2 8�&S+3/9& 2 8\8?+3T�½zp*O �"0�2 8�x 2 & 2

2 8S8?$ 0 �"2 &]$*8w8 � /�p � � 0�2 YZ$*8���$9) 2 8V|})�pUr3�*+y8wYZ+ � p 0 7")U8Ssz$5+�8FOSsz$ � 7=)�8ROS& 2 Y 2 8Vp 2�> � /�)�& 2 ��! K�!

1 2 3 4 5 6 7 8 9 10

1

0

Notas
Bons alunos

bons

excelentes

regulares

ruins

pessimos

> � /�)�& 2 �U!LK I�� 2 & � � » +37�p�+�6�)�7"$98 2�0 $�&S&?+y8Fx�$�p�YZ+3p*O?+ 2{0 7 2 8S8 � � 0�2 r3s�$�YZ+H)UT 2 7")�p�${+�TÀ|})�pUr�sz$�YZ+H8?) 2 p�$zO 2 !

� ��� ��� � ��� % ! ) '*2�'��*!�� �-��� � � !3���*� !��
� 2 T5+y8FT 2 T 2 pU+ � & 2 '*)�+¨$*8 0 $9p��R)�p*O?$*8{p�+36�)U7=$*8F$*8�x�$*8?8?)�+�T�)�T 0 $9p��R)�p*O?$ YZ+¨xU&?$9x�& � +�Y 2 YZ+y8 � T{x�$�&?�O 2 p*O?+�8 � 2 8 »�2 & � � » + � 8Jp�+�6�)�7"$98 2 8JO 2 T�6�¤�T OS¼3T 2 7"/�)�T 2 8Hx�&S$�x�& � +yY 2 Y�+�8 � T5x�$�&?O 2 p*O?+�8�'*)�+�x�&S+ 0 � 8 2 T 8F+�&
2 xU&?+y8F+�p9O 2 Y 2 83!
`cb9d%��ef���U� ¶ # _	²���� "�°lb*������b��

� > .dO�.�/98BpAO  V �o k � V]2 " . Y H�2 > ,oV  :&. "# ,�.�/c.NH0.�1�.
x ∈ X

 3�8 " :  E�?> H�2 ��)9�?� :&2 �o k � V]2 " 27:f.AV e �� �
µ(x) > 0��6 » �"2 T5+�p*O?+�� '*) 2 pUYZ$Á)�T 2 »�2 & � � » +37�p�+�6�)�7"$98 2 pUs�$Á¤ 0 $�T{x�7"+�O 2 �%¡U� +3p*O?& 2 Y 2 8Hx 2 & 2 2 85'9) 2 � 8tpUs�$

¡ 2�» +3&D� � p*OS+3&Sx�&?+3O 2 r3sz$B7 � p�/ K��"8FO �1032 ¡U�cx 2 &?O � &JYZ$ 0 $�p��R)Up9OS$cY�+�OS+3&ST{$98�+5x�$�&?O 2 p*O?$ 2 8 2 �1Y 2 Y�+5'*) 2 7"'*)�+�&
8 � 8FO?+�T 2 '*)�+H¤J6 2 8F+ 2 YZ$5p�+�8FO?+y8VO?+�&?T{$98w8?+3&D� � pUY�+��Up � Y 2 !
£ > � /9)�& 2 ��! P5T{$98FO?& 2 )UT 2{»�2 & � � » +�7�p�+�6�)�7"$98 2{0 $�T{x�7"+�O 2 +I)UT 2 p�sz$ 0 $9T5xU7=+3O 2 !

`cb9d%��ef���U� ¶ #1® ! mZ����ef�9��� ��m �c��ef��m���b���% O�.�/98BpAO  V �! k � V]2 " . � 2�/ > . �?> .  �> ,�.�/9:I8(aGM�2C1�. �?� 8B1�.�1  
,
.�V K��?> . " O  ��U 9" H�jR. > .�1�.C1  ,�.�/9:I8(aUM�2 �o k � V]2 " .0/ "� ,R.A/c.PH�.�1�.  #� :_/c.�1�.

x

∑

i=1

µAi
(x) ≡ 1

2 � 1  
p
Y 2 ���?>d /c271  H�2 � )9�?� :&2 "J�! k � V]2 " 2 " .Ne �� 2lO�.�V]2A/

x
,  /9:  �� H  [
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x

(x)µ

x

(x)µ

Variavel Completa Variavel Incompleta

> � /�)�& 2 �U! P I�� 2 & � � » +37�p�+�6�)�7"$98 250 $�T{x�7"+�O 2 +JpUs�$ 0 $�T{x�7"+�O 2 !

ºX8FO 2 ¤H)�T 2�0 $9pUY � r3s�$�T 2 � 8V|}$�&?O?+-'*)�+ � 2 > ,!V  : � 1  + 0 $9pUY � r3sz$�8?)�� 0 � +�p9OS+Jx 2 & 2 []$�T{x�7"+�O?)�YZ+J¤-'9)U+25»�2 & � � » +37�p�+36U)�7=$*8 2 |}$�&ST{+H)�T 2 x 2 &?O � r3s�$5Y 2 )�p � Y 2 YZ+�!
£ x 2 &?O � r3sz$�Y 2 )�p � Y 2 YZ+t+y8ROD� 2 8S8F$ 0 �"2 Y 2�0 $9T 2 8F$96�&?+�x�$*8 � r3s�$�YZ$98 0 $9p��R)�p*O?$*8(p�+�6�)�7"$98?$98�!\£ > � /�)�& 2

�U! � � 7=)U8FO?& 2�0 $9T{${Y�$ � 8 0 $9p��R)�p*O?$*8(8F+�8F$96�&?+�x���+�Tc!���6U8F+�& »�2 &('9)U+-p�$�x�$�p*O?$�YZ+tT{� ¿ � T 2 8F$96�&S+3x�$98 � r�sz$5$
»�2 7"$�&wY 2 8?$�T 2 YZ$98 »�2 7"$�&S+�8�Y 2 8V|})�pUr3�*+y8(YZ+ � p 0 7")U8Ssz$5¤H)�T;!4 s�$¨¡U�Á)UT 2 7=/9$�& � OST{$cxU&?+ 0 � 8F$Áx 2 & 2 YZ+�OS+3&ST � p 2 &t$ÁT�� ¿ � T{$Á$�) T �"p � T{$ /�& 2 ) YZ+³8?$�6U&?+�x�$*8 � r3s�$ �
p�$¨+�p9O 2 p*O?$¨+y8RO 2 8?$�6�&S+3x�$98 � r�sz$;YZ+ » +�&?+��U+�O � &t$ÁT 2 � 8 0 $9&?&S+�O 2 T{+3p*O?+{x�$98S8 � » +�7 2 8?+3T�½zp*O �1032 Y 2;»�2 & � � » +�7
2 8S8?$ 0 �"2 Y 2 !
ºX8FO 2 8F$96�&S+3x�$98 � r�sz$tp�sz$5¤�)�T 2 � T5x�$98 � r3sz${Y 2 O?+�$�& �"2 Y 2 7=.9/ �1032 pU+36�)�7"$98 2 ��T 2 8wY�+ » +I&S+��U+3O � & 2 &S+ 2 7 � �

Y 2 YZ+HYZ+ 032 Y 2 )�T¾YZ$*8 0 $9p��R)�p*O?$*8�+3p » $97 » � YZ$98�!
£¦+ ¿ x�+3& � ¼3p 0 �"2 T{$*8ROS& 2 '*)�+ 2 8F$96�&S+3x�$98 � r�sz${+3p*O?&S+-$*8 0 $9p��R)�p*O?$*8 »�2 & �12 +3p*O?&S+�K�u��À+5uz���WY 2 8(6 2 8F+y8

YZ$ 0 $9p��R)�p*O?$�! 4\2{> � /9)�& 2 ��! �5$�/�& 2 )cYZ+-8?$�6�&S+3x�$98 � r�sz$ »�2 7=+-u����B!

0

0.75

0.5

0.25

1.0

x y(x+y)/2

> � /9)�& 2 ��! �NI QZ$�6�&S+3x�$98 � r�sz$5YZ+tuz� � +3T 0 $�p��R)Up9OS$98�p�+�6�)�7"$98?$98�!
# 2 & 2 )�TÂ/�& 2 )ÁY�+58?$�6�&S+3x�$98 � r3sz$�YZ+�uz� � ��$³x�$9p9OS$B$9pUYZ+t$ 0 $�&S&?+H$³/�& 2 )¨T�� ¿ � T5$cYZ+ � p 0 7=)U8Ssz$Bx 2 & 2)�T 0 $�pz�R)�p*O?${&?+�x�&S+�8?+3p*O 2 ${x�$9p9OS$�YZ+HT �=p � T{$�/�& 2 )cYZ+ � p 0 7")U8?s�$�x 2 & 2 $*8 0 $�pz�R)�p*O?$98 » � @ � p�¡�$*83!
3�) 2 7"'*)�+�& »�2 & � � » +37Vp�+�6�)�7"$98 2 0 $�T{x�7"+�O 2 x�$�Y�+Á8F+�&�OS& 2 pU8F|}$�&ST 2 Y 2 +�T�)�T 2 »�2 & � � » +�7]pU+36�)�7"$98 2 '9)U+

|}$�&ST 2 )UT 2 x 2 &FO � r�sz$�Y 2 )Up � Y 2 YZ+Jp�$9&?T 2 7 � @ 2 p�YZ$z�q8F+ 2 8]|})�pUr3�*+y8�YZ+ � p 0 7=)�8?s�$5YZ+ 290 $�&DYZ$ 0 $�T 2 |}.�&STt)U7 2 I

µÂi
(x) =

µAi
(x)

∑p
j=1 µAj

(x)

: ��!= E
x 2 & 25032 Y 2

i = 1, . . . , p
!
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i�G� ��@4!
�����
4 $*8 032 x�� OS)�7=$*8 2 p*O?+�& � $�&S+�8 » � T{$98 2 8JYZ+��Up � r���+�8I6U�98 �1032 8�YZ+57".�/ �1032 YZ+5p�+36�)U7=$*8 2 � 2 x�&S+3pUY�+3T{$98 2 $9x�+�& 2 &0 $9T 0 $�p��R)Up9OS$98HpU+36�)�7"$98?$98�! � � T5$*8 0 $9T{$¨x�$ZYZ+�T5$*8-+y8 0 $�7"¡�+3&-+�p*O?&S+�Y � |}+�&?+�p*O?+�8tT 2 p�+ � & 2 8HYZ+B+ ¿ + 0 )ZO 2 &
2 8V$9x�+�& 2 r���+�8V8F$96�&S+ 0 $9p��R)�p*O?$*83! 4 +�8FO?+ 032 x � OS)�7"$ � &?+�T{$98]T5$*8ROS& 2 & 0 $�T{$5)ZO � 7 � @ 2 &�+�8FO?+�8 0 $�p 0 + � O?$98]6U�98 �10 $*8
x 2 & 250 $9pU8ROS&?) � &(8 � 8FO?+�T 2 8V+�8?x�+ 0 �12 7 � 8FO 2 83!

�"��� A ��
4+?# *�� ��6�� ��6G*,+.��6 @$# = *,6��7#?> -C6 / #32	!$5M��6G��6
£À6 2 8F+³YZ$Áx�+3pU8 2 T{+3p*OS$¨p�+36�)U7=$*8F$ 8Ssz$ 2 8H&S+3/�& 2 8H'*)�+B+�8FO 2 6�+37"+ 0 +3T &?+�7 2 r���+�8J+�p*O?&S+BY �"» +3&D8 2 8 »�2 & � � » + � 8p�+�6�)�7"$98 2 8V+H)�T 2 $�);T 2 � 8�&?+�/ � �*+y8V$�) 0 $�pz�R)�p*O?$98�pU+36�)�7"$98?$98�!
ºX8FO 2 8�&?+�/�& 2 8V8?s�${Y�${8?+3/9) � p9OS+IO � x�$NI
£�:  �> ,  /0.�: � /c.{+�8FOS� e �� #� :  !
Q�+ 2 O  V]24H�8B1�.�1  +y8ROD� >-� 8;:&2P.�V�:f.{+�p*OSsz$ � /  .A/ >i� 8;:&2 � 2A/9:  [

�I8VO?+�&?T{$*8�+3T¢p�+�/�& � OS$�8?s�$ 2 8 »�2 & � � » + � 8V+J$98 0 $�p��R)Up9OS$98�p�+�6�)�7"$98?$98�!
º�TWO?+3&ST{$98�/9+3& 2 � 8 0�2 Y 2 &S+3/�& 2 O?+3T 2 |}$�&ST 2

Se x1 é Ai
1 AND · · · AND xn é Ai

n então y éBj : u�!= E
4\2 +�'*) 2 r�sz$ÁuZ!" 

Ai
j

� pUY �1032 $ 0 $9p��R)�p*O?$ÁpU+36�)�7"$98?$
i
Y 2¨»�2 & � � » +37�pU+36�)�7"$98 2

Aj
+

Bj ¤B$ 0 $�p��R)�p*OS$p�+�6�)�7"$98?${Y 2�»�2 & � � » +�7�Y�+J8 2 �1Y 2 !
«(T~8 � 8ROS+3T 2 p�+�6�)�7"$98?$ ¤c+3p*OSs�$ )�T 0 $�p��R)Up9OS$ Y�+³&S+3/9& 2 8-YZ$ O � x�$�8F+3��+�p*OSsz$ '9)U+³T 2 x�+ �12 +3p*O?& 2 Y 2 8

:}» +37"$ 0 � Y 2 YZ+ E +3TÂ8 2 �"Y 2 8 : |}&S+ 2 & E !XºX8FO 2 8w&S+3/�& 2 8wY�+��Up�+�TW&S+3/ � ��+�8�pU$�+�8?x 2 r3${+3p*O?& 2 Y 2
×
8 2 �"Y 2¨:

X × Y
E !

«(T 8 � 8FO?+�T 2 p�+36�)U7=$*8F$
F : X → Y

2 x�&?$ ¿ � T 2 2 |})�pUr3s�$
f : X → Y

0 $96�& � pUYZ$ 8?+3) /9&S� � 0 $ 0 $9T|}& 2 /�T{+�p9OS$98�$�)t&S+3T{+�pUYZ$98 :�� +3T{x�¡
	�x 2 O 0 ¡�+y8 ��E '*)�+V8?+�8F$96�&?+�x���+�Tc! [ 2 Y 2 &?+�/�& 2 YZ+3O?+3&ST � p 2 )�T &?+�T5+�pUYZ$�!
£ 2 x�&?$ ¿ � T 2 r3s�$IY 2 |})�pUr�sz$HT{+37"¡�$�& 2H2 T{+�Y � Y 2 '9)U+w$98 |}& 2 /9T{+3p*O?$*8 2 )�T{+3p*O 2 Tª+3Tªp DUT5+�&?$H+�Y � T � p�)�+3T
+3TWO 2 T 2 p�¡�$ 0 $9T{$�+y8ROD� � pUY �1032 YZ${p 2�> � /9)�& 2�� &?+3|�	3| I |}& 2 / � !
� 0 $9p��R)�p*O?$5YZ+\&S+3/9& 2 8%O?& 2 O 2 YZ+ 0 $9p��R)�p*O?$*8Xp�+�6�)�7"$98?$98 : '*)�+3p*OS+�� 2 7=O?$ �9&D�zx � YZ$ � 0�2 &S$ �*+�O 0yE ��p�$�+3p*O 2 p9OS$
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